Mark Scheme

Ql.
%ﬁﬂgp Scheme Marks
(a) 1=,-.[{3.r—l}" +Bx(3x-1)+Cx Bl
xr—0 (1=4) M1
r—1 1=iC = C=3 any two constants correct | Al

(b))

(i) j‘t’f(x}{u=[mx—m(3x—1j;—

Coefficients of 1°

0=04+38 = B=-3

LT
tx 3x-1 (3x-1y |

=1ﬂ1‘—%]ﬂ{31‘—1}+

(3x-1)" (+C)

(1)

i ) s : 1 Y
|l=]n1—]n{3.\—l_j—ﬁ {+C]!|

E |
3x-11,

=|"1n2-m5-%‘|-|rm1-mz-;'

w22, |
2

ERWRY

0 \3)

all three constants correct | Al

M1

—{ M1

M1

Al

C)]

Alft Alft

(6)
[10]
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Question
Rimbar Scheme Marks
& i £(x)- 4-2x Ny
2 ' (2x+1}{x+1}(r+5} 2x+1 x+1 x+3
4-2x=A(x+1)(x+3)+B(2x+1)(x+3)+C(2x+1)(x+1) M1
A method for evaluating one constant M1
x—=>—%. 5=4(1)(3) = 4=4 any one correct constant Al
x—-1. 6=B(-1)(2) = B=-3
x—>-3, 10=C(-3 ){ -2) = C=1 all three constants correct A1 (4)
4 3 1
(b) 1 [ - + ]d;x
@ J 2x+1 x+1 x+3
Al two In terms correct M1 Alft
Alft

(i1)

= i]11(3Jr+ 1)-3In(x+1)+In(x+3)+C

All three ln terms correct and “+C™ ; ft constants

[1]11[3x+1}—3]11[x+1}—'~l11[x+ 5}];
=(2In5-3In3+In5)—-(2n1-3Inl+In3)
=3ln5—4In3

53

"H

25
)
81

M1

M1

(3)

(3)

[10]
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Question
N Scheme Marks
(@) 1=AG5-P)+BP Can be implied. | M1
A:l,B:l Either one. | Al
5 5
1 1
ving = + ——
giving FTGom See notes. | Al cao, aef
131
1 1
———dP = | —dt
® IP(S—P) JIS CE
1 1 1 Mi=
—mP-—m(5-P)=—t (+¢
5 5 15 (o) Alft
1 1 [ 1.
{r=0,P=1=] Ehl—gm(4)=0+r {: czfglmf AM1*
L J
Using any of the
1. P 1 1 subtraction (or addition)
—In| — | =—r—-—In4 *
8 5 ‘ 5-P) 15 5 laws for logarithms aM1
CORRECTLY
eg: or eg: 3P e i ¥ ®
g2 S_F g2 i Eliminate In’s correctly. | dM1
pives 4P =S¥ — Pe¥ = Pa+e¥)= 5e¥
. P
5 +
== _ [(—_,) Male P the subject | dM1*
@+e) e
5 25
= — or P= —— etc Al
1+4e™) (G+20e™)
[81
(© 1+4e™>1 = P<5. So population cannot exceed 5000. Bl
1]
12
(a) M1: Forming a comrect identity. For example, 1= A(5 — P) + BP . Note A and B not referred to in question
Al: Either one of A:% or B:%
1 1 . 1 1 .
Al: = + —=— or any equivalent form, ep: — + ———— , etc. Ignore subsequent working .
P (5-P 5P  25-5P
This answer must be stated in part (a) only.
1 1 A B
Al can also be given for a candidate who finds both A=§ and B=§ and ?Jrﬁ 1s seen 1n their
working
1 1
Candidate can use ‘cover-up’ rule to write down ; + (5’7})) , as so gain all three marks.
Candidate cannot gain the marks for part (a) in part (b)
(b) Bl: Separates variables as shown. dP and d¢ should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
M1#: Both +AlnPand + gIn(+ 5+ P), where A and 4 are constants.
Or +AlnmP and + fIn(n(+ 5+ P)), where A, i, m and n are constants._
i
Alft: Correct follow through integration of both sides from their I; + G .uP) dP = IK di
with or without +¢
dM1*: Use of r=0and P =1 in an integrated equation containing ¢
dM1*: Using ANY of the subtraction (or addition) laws for logarithms CORRECTLY.
dM1#: Apply logarithms (or take exponentials) to eliminate In's CORRECTLY from their equation.
dM1#: A full ACCEPTABLE method of rearranging to make P the subject. (See below for examples!)
5
Al: P=——[wherea=5.b=1c=4}
1+4e™)
Also allow any “integer multiples of this expression. For example: P = ————
(5+20e™)
Note: If the first method mark (M1*) is not awarded then the candidate cannot gain any of the six
remaining marks for this part of the question.
1 1
Note: _ dP = |15dr = |2 +———dP = |15dr = P -In(5-P) =15 is BOM1Alft.
P(5-P) P (5-P)
dM1* for making P the subject
Note there are three type of manipulations here which are considered acceptable to make P the subject.
P 4 " 5
() Mifor —— =" =P =5"-Pe" = PA+e)=5"2P=—"—
5-pP U+e™)
@ Mifor F— =2 P 3 s 2 oo pa 2
-P P P P a+e)
. w_(p 5F 25
(3) Mlfor P(5— Py=4e" = P* - 5P =—4¢" :>| P_E | _T: —4¢" leading to P=...
Note: The incorrect manipulation of % = ? —1 or equivalent is awarded this dMO0*
1
B 1
Note: (P)-(5-P) :e“r = 2P - S:Er leading to P = ... or equivalent is awarded this dM0O*
() Bl: 1+4e ¥ >1 and P<5 and a conclusion relating population (or even P) or meerkats to 5000
For P = i R B1 can be awarded for 5+ 205’{‘ >5 and P<5 and a conclusion relating
(5+20e™)
population (or even P) or meerkats to 5000.
B1 can only be obtained if candidates have correct values of g and bin their P = % R
(b+ece™)
Award BOfor: Asr— = ,e'l" —0.S P = ﬁ =5, so population cannot exceed 5000,
+
5
unless the candidate also proves that P = ———— oe. is an increasing function.
(1+4e7™)
If unsure here, then send to review!
Alternative method for pari (b,
1 1 1
BIMI1*Al: as before for g].uP - gl.n(S -P)= Er (+ r)
Award 3" M1for
Award 4% M1 for
[ 1]
Award 2 M1 for 1= A==
L 4
£ gt
5-P

then award the final M1A1 1n the same way.




Q4.

Question
R Scheme Marks
5 _4 ., B
@) G)Bx12) x-1 3x+2
5= A(3x+2)+B(x-1)
x—1 5=54 = 4d=1 M1 A1
2 5
POPOR . PR (R T Al (3)
3 3
)
o [—2 ax- [L— >
{_r—l)(31+2} x—-1 3x+2)
=In(x-1)-In(3x+2) (+C) ft constants | M1 A1ft Alft
()
5 1
c ———dx= || —|dy M1
” Lx—l)(mz} I[}] '
In(x—1)-ln(3x+2)=ly (+C) M1 A1
K(x-1
—L depends on first two Ms in (c) | M1 dep
3x+2
K
Using (2,8] B=E depends on first two Ms in (c) | M1 dep
_64(x-1) N ”
3x+2
[12]
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Question

e Scheme Marks
OA=-2i+4j+7k , OB=—i+3j+8k & OP=0i+2j+3k
(a) AB = = +((—i +3j+ 8K)—(-2i + 4j+ TK)); = i —j+ k MI; Al
| [2]
-2 1) -1 (1
(b) {L:-r}=| 4[+4 —1J or {r}:l 3| +4] -1 Blft
\ ?/ ', 1 8.— 1
. [1]
-1} (0} (-1 &£
(¢ | PB=0OB-0OP=| 3|-|2|=| 1| or BP=| -1 M1
i 8/ kj/ 5/ _5/
" 1) (1) Applies dot product
1 J.l 1 J formula between
— A5eFF 1 s their (4B or B4) | M1
#B|[PB] O+ 0+ JCD'+ 7+ and their (P5 or BF)
{u:'z:ﬂ:’.fﬁ‘}=ﬂ=i=l C t f| Al
N R orrect proo cso
[3]
_ o p+Ador p+ ud, p=0,d=0with
i A i A L i
(@ D ! etther p=0i + 2j + 3k or d = their 4B ,ora | M1
{L:r=}|2|+p| -1 : —
= ) o multiple of their 485
Correct vector equation. | Al fi
L L [2]
L ar ga 0) ( 1) Either OP + their AB M1
&% =|2|+| 1 :ll o OB=|2 —l—lJ: ot OF - their 45
(&) 3) L1, 4 3] L L At least one set of coordinates are AlLf
) . correct.
{C[-l L4), Di=1.3 2}} Both sets of coordinates are correct. | Al fi
[3]
_[:ﬂ = h = = =5]-_[19 f=5iﬂg M1
Wayl | (D + (1) +(5)’ L |P B|
: J8
: 8 V27 70.5... V27—
h = 27 sin(70.5..) -{: Jz’;'%: 26 = awrt 4_91- sin ) or 3 | Al oe
J or Zafg or awrt 4.9 or equivalent
1 \ 1 : : :
Area ABCD = - 2«!%(@ + .Za..G] ?(then‘ h)[theu‘ AB + thewr CD] dM1
r 1 .
-{:Ezﬁ[zﬁ]zsv’ﬁ}ﬂﬁ 942 | Al cao

L




®

Helpful Diagram!

Arvea AAFPB =4.2426_.

s
: [£]= 4.8989...
3
DA = PB
P4 =CB
. 2/
ATy i
e T Candidates do not need to
e _I e 2 ke el bt - .I A .
PA=C5 P and AB 11 , S0 BCLAB prove this result for part (f)
. = P . . Attempts |[P4| or |CB| | M1
] (f:’, h= |CB| = J2P +(2)* + (@)’ =24 =2J6 =4.8989._ o 2]
Way 2 Pa| = |CE| =24 | Al oe
1 ) 1
Area ABCD =— /24 (V3+243) or S V2443 + V2443 2 h(their AB+ their CD) | dM1 oe
- gﬁ Qﬁ Al cso
[4]
Way3 Finds the area of either triangle 4PB or 4PD or BCP and triples the result.
1 . 1 : . .
H Area AAPE = 5 ] (%ﬁ }smﬁ Attempts; (their AB)(their PB)sinf | M1
1 ‘ T
_ % \5[3\,@)51}1(?0_5_"} N -\.E{\.?\E_]mnt?o.ﬁ...) or 342 Al
- or awrt 4.24 or equivalent
Area ABCD =3 (3«}5} 3 x Area of A APB | dM1
= gﬁ 9\,,6 Al cso
[4]




Question Notes

() | M1 | Finding the difference (either way) between OB and 04 -
If no “subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
1) 1
Al |i-j+kor |-1]or (1,-11) or benefit of the doubt -1
o 1
(-2 (1 -1} (1
(b) Bift | {r}=| 4 |+A|-1| or {r}=| 3|+4|-1|, with AB or BA correctly followed through from (a).
I‘. ?.’l LN 1 . 8 # LN la
Note | I = 1s not needed.
(c) M1 | An attempt to find either the vector PB or BP.
If no “subtraction”™ seen, you can award M1 for 2 out of 3 correct components of the difference.
M1 | Applies dot product formula between their 4B or E} and their (E or E}
Al | Obtains {cos6} =% by correct solution only.
_ . ABePB :
Note | If candidate starts by applymng -—-— correctly (without reference to cos@ =)
- i
they can gain both 2™ M1 and A1 mark.
: ; . 1 : .
Note | Award the final A1 mark if candidate achieves {cos8} = o by either taking the dot product between
1 (—1) (—1) 1)
(|-1jand | 1| or (1) l 1] and | -1 J Ignore if any of these vectors are labelled mncorrectly.
~ 1/ p8 5 _1 \_5.
Note | Award final A0, eso for those candidates who take the dot product between
g5 - R e
(ui) | —1jand | -1 | or (V) j 1|{and | 1
They will usvally find {cos6} = - % or may fudge {cos 6} = %
If these candidates give a convincmg detailed explanation which must include reference to the direction
of their vectors then this can be given Al cso
(c) Alternative Method 1: The Cosine Rule

,_1, ¢ 0\ /_1~ Ir. 1 "
PE=0OBE-0P=| 3|-|21=| 1| or BP=! 11 Mark 1in the same way M1
i i i ) as the main scheme.

Note‘ﬁ‘ = -J'ﬁ |ﬁ| = \E and ‘ﬁ| = @
() ()

cosd = ——— =

—(J27) + ﬁ]—z'ﬁ Hoime Applies the cosine rule M1 oe
(V27) + (V) -2(V27)(+3)

the correct way round

27+3-24
Correct proof | Al cso

1
18 3

[3]




(©

Alternative Method 2: Risht-Angled Trisonometrv

—1\y (oY (10 13
PR = DB =0P=1: 3t-bal=) Tlioe BP) = Markmthe_sameway M1
as the main scheme.
N 8..-' \3..-' N 5..-' _S_J
Either (v24) +(V3) = (v27)
r " /_ " ) )
- 1 2 Confirms APARB 1s right-angled | M1
or ABePA =|-1(e] 2|=-2-24+4=0
pS 1 £ h8 4
[ 4B | 31
So, qcosf = —— = tcosf = _\‘; =§ Correct proof | Al cso
, 31
0\
(d) M1 Writing down a line in the form p + Ad or p + ud with either a=| 2 | or d = their AB d = their E;
. 3 -~
or a multiple of their AB found in part (a).
(o) ( 1) (0)
Alft | Wrnting | 2 | +u —IJ or |2|+ud, where d = their 4B or a multiple of their .45 found in part (a).
.3/ . 1 \3.
Note | r= 1snotneeded.
Note | Using the same scalar parameter as in part (b) 1s fine for Al.
(e) M1 Either OP + their 4B or OP — their AB
Alft | At least one set of coordinates are correct. Ignore labellingof C. D ) B
Alft | Both sets of coordinates are correct. Ignore labelling of C', D
Note | You can follow through either or both accuracy marks in this part using their AB from part (a).
h :
Wayl: ———— ==sinf
gy | " their |[PB|
Way 2: Attempts PA| or |ﬁ‘
1 . ; )
Way 3: Attempts; (their PB)(therr AE)sind
Note | Finding 4D by 1tself 1s MO.
Al Either
e h=+27sm(705.) or |ﬁ| = |§‘ =+/24 or equivalent. (See Way 1 and Way 2)
&
: . 1 :
e the area of erther triangle 4PB or APD or BDF = E \E(B v@}sm{?{}.ﬁ...] o.e. (See Way 3).
dM1 | which is dependent on the 1** M1 mark.
A full method to find the area of trapezium ABCD. (See Way 1, Way 2 and Way 3).
Al 9\-'5 from a correct solution only.
Note | A decimal answer of 12.7279__ (without a correct exact answer) 15 AD.

Q6.




Question

il Scheme Marks
. . : V3
(a) tan@=+v3 or sin@ = M1
9 =§ awrt 1.05 | Al (2)
(b) £=secjﬁ. E=a.:c:n515’
dée
dy cos@ 5
— = - =cos @ ¥
dx sec @ ( ] MLAL
K | . ;
At P, M = cos [E) g Can be implied | A1
Using mm' =—1. m'=-8 [ M1
For normal y—3V3=—8(x—+3) M1
AtQ. y=0 —3V3=-8(x—V3)
leading to x=143 (k=%) 1.0625 | Al (6)
(c) I * dx j dedﬁ? J‘sinl&c:ﬁ‘dﬁ M1 Al
c y — - B ey — seC g
! ] ) a9
= [Tan:ﬁdﬂ Al
= [(sec*0-1)do M1
=tand-6 (+C) Al
Fi= ‘TJ‘.:-FE dx =[tan 6 H]E = ﬁ'[[ V3 —%)—(D—G)J L M1
=V3r-1ir7’ (p=l.q=—%} Al (7
[15]
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= Scheme Marks
Working parametrically:
1 1 or yoe™ 1
@ Applies x = 0 to obtain a value for . | M1
Correct value for y. | Al
i b e f 2
Applies y = 0 to obtain a value for 1
& M1
i (Must be seen in part (b))
Al
2
Y mrps B1
© <
Attempts their <. divided by their . | M1
o a
1
-8In2 =>m(N)=—— M1
)= 32
y-3= 8‘;2 (x=0) or y=3+ 8‘:2 x or equivalent See notes. | M1 ALoe
5l
(> 1 Complete substitution
@ A'“'“”’I(Z -1) [’5}"" forboth  andd | M!
x=-1-r=4 ad x=1-1=0 B1
Mi*
Al
1 o (1 16 Depends on the previous method mark.
7;[ r} - —;[[m]—[mﬂt}} Substitutes their changed limis in £ and | dM1*
2 2 subiracts either way round.
15 15
=—-2 — 2 or equivalent.
2m2 2mz 0 Al
0]
15
@
Alternative Solution 3:
MI: Applies =0 and obtains a value of .
ALt Shows that £ =2 for both y=3 and x=0
@® | M1: Applies y =0 and obtains a value of 7. Working must be seen in part (b).
AlL: For finding x=1
Note: Award M1AL1 for x =1.
© |B1: Bom % and % correct.  This mark can be implied by later working
M: Their 2 divided by their & or their &x—L Note: their & must be a function of ¢
dr dr dr ( d\] dr
their| &
a
M1I: Uses their value of f found in part (a) and applies m(N) = %)
n
MI: y - 3 = (their nommal gradient)x or y = (their normal gradient)x + 3 or equivalent.
L 1 1
AL L x-0) or y=3+_Lx or y-3= x-0) or (8ln2)y - 24In2 = x
Wz Y T w2y
y-3 1
or =L Youcanapplyisw here.
-0 sm2 R,
Working in decimals s ok for the three method marks. B1, A1 require exact values.
@ M1: Complete substitution for both y anddx . So candidate should write down J (2 1) [Lhen‘ %:]
Bl: Changes limits from x —>7. x=-1->r=4 and x=1—t=0. Note t =4and 7 =0 seenis Bl
M1*: Integrates 2’ correctly to give ﬁ
or integrates (2' 1) to give either @) g or ta(n2)(2) -1
Za(ln2)
Al: Correct integration of (2 — 1) with respect to £ to give g
AM1™: Depends upon the previous method mark. B
Substitutes heir linuts in ¢ and subracts either way round
i Exact answer 6F =3 oe =g op =2 o T3 ot o Lo —Gior equiviibct
2In2 In4 2In2 In2 o -
Converting to a Cartesian equation:
bl =t
& Applies x=0in their Cartesian |
equation...
y=3 .. to arrive at a correct answer of 3. [ A1
2]
Applies y=0 to obtain a value for
) x| M1
(Must be seen in part (b))
x=1 x= 1
2]
-~ 2277, 421 | ML
2 )in2 22,
© Jia2 )02 or equivalent | A1
1 -1
At4. x=0, 50 m() = ~812 = m(N) = —— Applies x=0 and M) =—= | M1
=) )= Sz e =D
1 1
-3= ~0) —
s R As in the original scheme. | M1 Al oc
equivalent
5]
@ Form the integral of their Cartesian | 1)
<quation of C.
For 2°** ~1 with limits of x=-1 and
Bl
M1+
Al
L i Depends on the previous method
Zm] | == () mark.| .
2L 22 gz Substitutes limits of -1 and their ¥,
and subtracts either way round.
= Sy 2 o equivalent. | A1
[6]
15
(@ | Alternative method: In Cartesian and applving s x
Area(®) _[ (2 ~1){dx} . where w=2-2v  MO: Unless a candidate writes j (27 ~1){ax}
boes sl Then apply the “working parametrically” mark scheme
- [l e =l e» 3
() | Alternative method: For substitution u=2'
i 1 Complete substifution
“[@-n(-2
Area(R) ,[(“ 1) ( z]"’ for both y anddr | M1
where u=2 = % 12 > iz
a ar
Sl L Both correct linits in ror | o)
both correct limits in .
u-1 If not awarded above. you can
s R s =Y
olreaCk) a2 award M for this integral
1 1
Y .
w2 w2
L
Either 2 71
Ly UL,
7{ l}[L TV
1 2/lm2
-1) > zaua) 124
" w
7o) -2
@02 5y | A
1 [ 3 Ln,,]x } ,[ SNGCiEE g Depends on the previous
e =3 (EJ’LF’TZJ] ) ~ method mark. *
| g Substitutes their changed limits i | TM1
w and subtracts either way round.
15 i 13
T 2m2 T2m2 2m2 2m2 7 2m2 0| Al
or equivalent
[61]




Q8.

%Lﬁg:: Scheme Marks
L 1 ¥ Bl
Q (a) Jsm ri-i"duf?f=—1| {1—c0525)d§=?5—1511125 [+C) M1 AT (2)
X o)
b x=tand = —=sec &
(b) R
:rj ydr=nx [ v Ea:hf-‘ = -;rj{ 2sin 25‘)3 sec @ do M1 A1
j JO de
2x2sinBcosb)
=»"Tj[ % smjcos ]dé? M1
cos” &
=16.?r|5i1128d€ k=16x Al
Xx=0 = tanf=0 = =0, x=—— = tanf=— gk B1 (5)
V3 V3 6
Vzlﬁ;frjésinzﬁdﬂ]
b
x
<
(c) Vzlﬁ:r[lﬂ—ml-a}ﬁ M1
2 D
7 1 . ; " .
=167 (i——3111£)—{0—0} Use of correct limits M1
1% 3 /
"’.ﬂ- \'IS 4 i 4
16| 22|22 _2av3 . Al 3
Tle s]f A pP=3-1 (3)
[10]
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Question

Number Scheme Marks
L A(120-6), 6<100
dr
L 46 = |adar or |—1  d6-|a& E
@ 120-8 “ A(120-8)
1 M1 AL,
i My — e - _ - 20 — - — : . 2
In(120-8);=At +¢ or /1]11(1 0-8),=t+c See notes M1 Al
{t=0,6=20 =} -In(120-20) = A(0) + ¢ See notes | M1
¢=—-In100 = —-In(120- &) = Ar — In100
then either... or...
—At =1n(120 — 8)— In100 At =In100—1In(120 — &)
(120 - 8 . [ 100 °
1220 i —af 190
. 100 L120-6,
. 120-8 i 100
e e =
165 120 — 8 dddM1
) (120- 8 )e* =100
100e™ =120-6 .
= 120~ 8 =100e o
leading to & =120 —100e™
| (8]
(b) {A=001,6=100=} 100=120—100e™*" M1
; (120 — 100 s y ions by
— 1006 120 —100 = —0.01f hl[ J Usejs correct order ofoperatmn_sall;)lj?
. 100 moving from 100 =120 —100e™™
;o 1 ]n[IZO—lOO] ~and t=AInB, dM1
—0.01 100 where B >0
1 (1"
t=——In —]:1()0]_115
—0.01 \5,
1 =160.94379... = 161 (s5) (nearest second) awrt 161 | Al

[3]




Notes for Question

(a)

B1: Separates variables as shown. d&and d¢ should be in the correct positions, though this mark can be
umplied by later working. Ignore the integral signs.
Either or

MI: | 1 df — +.4In(120 - 6)
120-¢6

1
A(120-8)

AL |——d& > -In(120-6) .
120- 6 (120 8)

MI: j,ﬂ, dt — At Jld.f 3t

df — £AIn(120-6), A 1saconstant.

dé - - %111{120 -6) or — %ln{llﬂ,&.—ﬂﬂ),

Al: Ii dt = At+c ‘ or Il dt — t+ ¢ The + ¢ can appear on either side of the equation.

IMPORTANT: +c¢ can be on either side of their equation for the 2** A1 mark.
M1: Substitutes 1 =0 AND # =20 in an mtegrated or changed equation containing ¢ (or 4 or In 4).
Note that this mark can be implied by the correct value of ¢. { Note that —In100 = —4.60517._.}.

dddM1: Uses their value of ¢ which must be a In term, and uses fully correct method to eliminate their
logarithms. Note: This mark is dependent on all three previous method marks being awarded.

Al*: This 1s a given answer. All previous marks must have been scored and there must not be any errors in
the candidate’s working. Do not accept huge leaps in working at the end. So a munimum of either:

M) —
(1): e = L= = 100e™* =120-8 = 8=120—-100e""

_ 100
S 120-0
1s required for Al

or (2): = (120- 8 )e* =100 = 120- 8 =100 = 6 =120 -100e™"

Nate: J‘; d6 — — Lin(1204—46) is ok for the first MIA1 in part (a).
(1204—16) p) -

(b)

M1: Substitutes 4 = 0.01and & =100 into the printed equation or one of their earlier equations connecting
g and r.  This mark can be implied by subsequent working.
dM1: Candidate uses correct order of operations by moving from 100 =120 —100e™" to t =

Note: that the 2** Method mark is dependent on the 1* Method mark being awarded in part (b).
Al: awrt 161 or “awrt” 2 munutes 41 seconds. (Ignore mcorrect units).

Aliter

()
Way 2

J. - dé = J./l-de‘ Bl
120-4

= M) — — ]
In(120-8) = At +¢ See notes M1 Al

-In(120-6) = At +¢
In(120- ) =—At+¢

120-6 = 4e”™
6 =120 — 4™
{t=0,6=20 =} 20 =120 - 4¢" M1

A=120-20=100
So, 8 =120 —100e™™ dddM1 A1 *
[8]




Notes for Question Continued

(a) BIM1AIMI1AL: Mark as in the original scheme.
M1: Substitutes 1 =0 AND # =20 in an infegrated equation contamning their constant of integration which
could be ¢ or 4. Note that this mark can be implied by the correct value of ¢ or 4.
dddM]1: Uses a fully correct method to eliminate their logarithms and writes down an equation containing
their evaluated constant of mtegration.
Note: This mark 15 dependent on all three previous method marks being awarded.
Note: In(120-68) =—At+¢ leadingto 120 — f=e"* +e° or 120- 8 =e"" + 4, would be dddMO.
Al*: Same as the original scheme.
Note: The jump from In(120 - ) =—Ar + ¢ to 120 — &= Ae™ with no incorrect working is condoned
in part (a).
Aliter 1 3 )
(a) J = dé = '[ﬂ.dr {::»J —déd = Jﬂ,erL Bl
Way 3 120-8 a-120
; Modulus required | M1 Al
—In|f —120| = Ar + :
| | =& +c for 1" A1 | M1 Al
{t=0,6=20 =} -In|20-120] = A(0) + ¢ MO (s
not required here!
= ¢=-In100 = ~In|# - 120| = At ~In100
then either... or...
—At =n|6 —120|— n100 At =In100—1In|6 — 120|
—.1!:]113_120 i —ln 100
100 7 —120
As @ <100
(120 - 8 , [ 100
—At = ]n{ 100 J Lol ]ﬂlk 120 — & Understanding of
: ' ' ’ modulus is required | dddM1
ou 1206 g U0 here!
100 120 - 6
i (120- 8)e* =100
100e™* = 120- 6 =
= 120— 8 =100e e
leading to € =120 —100e™*
[8]

B1: Mark as in the original scheme.
M1: Mark as in the original scheme ipnoring the modulus.

1
Al: J 0-5% —In|6 - 120|. (The modulus is required here).

MI1A1: Mark as in the original scheme.

M1: Substitutes 1 =0 AND & = 20 m an integrated equation containing their constant of integration which
could be ¢ or 4. Mark as in the original scheme ignoring the modulus.

dddM1: Mark as in the original scheme AND the candidate must demonstrate that they have converted
].n|&' - 12G| to In(120 — &) 1n theirr working. Note: This mark is dependent on all three previous method
marks being awarded.

Al: Mark as in the original scheme.




Notes for Question Continued
‘“I(t:; Use of an integrating fuctor
Way 4 dé dé
; s = A(120-0) = E+f{§=120ﬂ,
IF =e” Bl
d' At At
E( g) = 1204e”, MIALl
e”f = 1204e™ + k MI1A1
8 =120+ Ke™ M1
{t=0,6=20=}-100=K
6 =120 —100e™* MI1Al
Q10.
%ﬁi’ggp Scheme Marks
fJ' dy = r —dx Can be implied. Ignore integral signs | Bl
5 o COS™ X
=[3sec’xdx
| o
Sy =3tanx (+C) M1 Al
P=D =£
¥y=21x 3
%zi =3r:m%+(’.‘ MI
Leading to
YA |
of equivalent | Al

1. i
5} =3tanx-1

Q11.




Question _—
Number Scheme Marks
dv s
. =80x, V=4gh(h+4)=4xh- + 16ah .
dv tahz B, a=0,=0 | M1
— =8xh + 167
dh Sth+167 | Al
r B Ir' 9
{d—V L = (87h+ 16-;'3'}ﬁ = 80 [Cand.idate-'s oL L 80x
dh dt dr ] dr dh ) dr
dh dv dv | dh 1 M oe
? 1 - dV
—=—— ¢ —= 80mx ———— - 807 + Candidate's —

{dz a  dn | & 87h + 167 il T 1
When h =6 {ﬁ =\l. 1 « 80; _;= 30}’5} dependent on the previous M1 dM1 J
dr | 8x(6) + 167 |~ 64r see notes

dh : i 10 80
— =125 (ecms™) 1250r — or—or — | Al oe
dt — 4 8 64
[5
q
Alternative Method for the first M1A1
u =4mwh v=h+4
Product rule: < dy dv
—=4r —=1
dh dh
dv Tahx B, a=0, =0 | Ml
— =4a(h+4) + 4xh
e e 4n(h+4) + 4rh | A1
e LI PRLRTLE = ]
M1 | An expression of the form zah = f, @ =0, § = 0. Can be simplified or un-simplified.
Al | Correct sumplified or un-simplified differentiation of 7.
eg. 8rh+16r or 4x(h+4)+4rh or 8x(h+ 2) or equvalent.
Note | Some candidates will use the product rule to differentiate I with respect to . (See Alt Method 1).
dv . : ) . :
Note Ty does not have to be explicitly stated, but it should be clear that they are differentiating their V.
( : dv| di . dv
M1 Candidate's — |x 2L _807 or 8071 = Candidate's —
" dh ) dr dh
i | : dr
Note | Also allow 2% M1 for [C_zmdidate‘s d—V xﬁ =80 or 80 = Candidate's —
. dh ) dt dh
Ir' b
Note | Give 2* M0 for [Candidate's - xﬁ =80t or 80k or 80t or 80k = Candidate's o
dh ) dr dh
dM1 | which is dependent on the previous M1 mark.
: : ! . : . dV
Substitutes 7 = 6 mto an expression which 1s a result of a quotient of their T and 80 (or 80)
5 i .
Al [ 12%0r = 01'? or g (units are not required).
Note SE as a final answer 1s AQ.
64w
L _ dr . -
Note | Substituting # =6 into a correct — gives 64 but the final M1 mark can only be awarded if this
i
1s used as a quotient with 807 (or 80)

Q1l12.




S Scheme Marks
Number
. dv
(a) | From question, V' =—mr, S=4mr d_ =3
I
4 .4 dv ) . : :
%Tf_—:rr = » —=4mr d—y=4}n-' (Can be implied) | B1 ce
_ 3 dr dr
[ - 1 - |’. ) -
-{£x£= L v {4;”'2]£=3 [Candidate'sd—V L 5
Ldr dr  dr | dr : )
& v v I e | RS
St e e o s d= _ or 3+ Candidate's —
{da‘ dr dr JL = B )4m | 4.??:‘"} dr’
W e, e 1 {= 3 wq dependent on previous M1. | .
dr  4r(4) 647 see notes
dr 2 :
Hence, v 0.01492077591__(cm’ s™) anything that rounds to 0.0149 | Al
[4]
(b) ds ds dr ' ds 8 r » Candidate's s M1; oe
{ = = 8&mr x r — or 8ar = 0.0149... . ’ sl | s
dr dr dz dr
dr 6
When r=4cm, —=81(4)x —— or — or 8x(4)=00149__
dr 4x (4) 4
d—S 2 -1 .
Hence, i 15 (em™s™) anything that rounds to 1.5 | Al cso
[2]
6
Question Notfes
(a)
dF : R :
B1 pre 4xr- Can be implied by later working.
=
(. dv') dr . av
M1 | | Candidate's — |x— =3 or 3+ Candidate's —
\ dr /) dt dr
dM1 | (dependent on the previous method mark)
Substitutes r = 4 into an expression which is a result of a quotient of “3” and their % :
Al anything that rounds to 0.0149 (umits are not required)
: dr
(b) M1 87 = Candidate's o
;
Al anything that rounds to 1.5 (units are not required). Correct solution only.
Note | Usmng 3?— =0.0149 gives %— 1.4979 . which 1s fine for Al

Q13.




Cluestion

- Scheme Marks
(a) V=nrh (or base ()Tr]}x height) B1 (1)
Ash=r V=g %
dr
(b) —=3zr’ Bl (1)
(c) I’=J‘22r.\d.i'=]n(2+t2]+c Require C for the A | M1 Al
+t
t=0.F=3= 3=m2+C M1
V=ln(2+1)-;n2+3 Al @)
(d) F=In3-In2+3 |[= 340546 } M1 Al
1
}'=3—[]n3—ln2+3}n:l_03 awrt 1.03 | M1 Al )
T
(e) B P M1
dt dF dr
Xk
37’ (2 +1°) Al 2
(f) dr__2 00670 0067 |M1Al (2
= — =R aw N
dt 9nr @
(14)

Q14.




Question

Number Scheme Marks
(a) % =0.48x —0.67h M1 Al
V =9rh :*o£=93rﬁ Bl
dt dr
9ﬁﬁ=0.48fr—0.6xh M1
dt
: dh E
Leading to TSE=4—:‘}J * cso | Al (5)
(b) J- "}_ dh=J*1dr separating variables - M1
4—5h |:
~15In(4-5h)=1 (+C) MI Al
-15In(4-5h)=r+C
When t=0, h=0.2
—15ln3=C M1
t=151n3-15In(4-5h)
When h=0.5
3
t=151113—151111.5=15h1[1—q)=15]111 awrt 10.4 4 M1 Al
Alternative for last 3 marks
05
=T i8S infs-5
t [ 15In(4 }h)]u
=—15In1.5+151In3 M1 M1
rs 3 =
=15111[HJ=15111: awrt 104 | A1 (6)

Q15.




Question
N Scheme Marks
1 1
(a) [.rsjnBI dx = _E xcos3x —j —Ecos 3x {d.x} M1 Al
1 1.
= —5100531 + —sin3x {+ c} Al
[31
1 2
() [_rz cosdxdrx = Exz sin3x— [ g_rsijﬂx {dr} M1 Al
1 o - 1 )
=—.rzsj.n3.r——| ——xcos3x + —sin3x ‘ {+ c] Al isw
3 3. 3 9 )
[ 1., 2 2. | .
{ = : X sin3x + Excos 3x — Esm 3x {+ r.‘} } Ignore subsequent working [31
o
(a) M1: Use of “integration by parts’ formula uv — Fuu' (whether stated or not stated) in the correet direction,
where u = x — v’ =1 and v'=sin3x — v = kcos3x (seen or implied), where k is a positive or negative
constant. (Allow k=1).
This means that the candidate must achieve x(kcos3x) —j (kcos3x) , where k is a consistent constant_
If x° appears after the integral, this would imply that the candidate 1s applying integration by parts in the wrong
direction, so MO.
1 1
Al: —Excos 3.:—! _ECOS 3x {dx} . Can be un-simplified. Ignore the {dx]
Al: —% xeos3x + %sin?px with/without + ¢. Can be un-simplified.
(b) M1: Use of ‘integration by parts’ formula uv — Fuu' {(whether stated or not stated) in the correct direction,

where u=x" — u' =2x or x and v'=cos3x — v = Asin3x (seen or implied), where A is a positive or
negative constant. (Allow A =1).

This means that the candidate must achieve x*(Asin3x) —j 2x(Asin3x), where ' =2x

or x*(Asin3x) — [x(i sin3x) ,where u' =x.

If x° appears after the integral, this would imply that the candidate is applying integration by parts in the wrong
direction, so MO.

Al: %J:!sinlt— [%xsj.u'jx{dr}. Can be un-simplified. Ignore the {dx}.

Al: %xz sin3x —§| —%xcos Ix+ %si.u?px ‘ with/without + ¢, can be un-simplified.

You can ignore subsequent working here.
Special Case: If the candidate scores the first two marks of M1A1 in part (b), then you can award the final Al

1, . 2 .
as a follow through for 3 x sin3x 3 l:thf:irfo]low through part(a) answer ).

Q1l6.




Question

Nomt Scheme Marks
2 \2
.:. ( 2x 1] [ 2
Volume = 7 | | |2—| Useof V=m|y dx.| B1
JLYL 3x° + 4 ) : —
a
_ - +kin(3x° +4) | M1
= (m)| =n(3x" +4 1
3 [ )_ln (3¢ +4) | A1
[F1 ) (1. ) Substitutes limits of 2 and 0
=|7r)| -Inl6 |—| —In4
( } _|.\_3. ,,| |3 ﬂ and subtracts the correct way round. s
1 1 2
So Volume = E.ﬁrluﬁr E.ﬂrluﬁr or ;)i'lu’z Al oe isw
[5]
5

NOTE: 7 is required for the Bl mark and the final Al mark It is not required for the 3 intermediate marls.
Bl: For applying Jr[ y* . Ignore limits and dx. This can be implied by later working,

2x
3 +4

but the pi and j must appear on one line somewhere in the candidate’s working .

B1 can also be implied by a correct final answer. Note: .?r[ [ }-‘)_ would be BO.
Working in x
MI1: For + k]u{lrz + 4) or tk]]l: x +% ‘ where k is a constant and k canbe 1.

Note: MO for + k xIn(3x* + 4.

Note: M1 can also be given for + klu{p{?;xz + 4}) . Where k and p are constants and k can be 1.
1 2 1.1 ) 1, ¢ 47 1
Al: For ~tn(3x" +4) or —In| (32" +4) | or SIn| x* + = | or —In(p(3x* +4)).
3 3 03 / 3 0 3) 3
3y
s n(3x° +4)
3\ 6x )

dM]1: Substitutes limits of 2 and 0 and subtracts the correct way round. Working in decimals is fine for dM1.
i 1 A
165
Al
45 )

You may allow M1 Al for %i’f]m(sxz +4) or
WX

s ] S : 21 (16"
Al: For either ?‘rluﬁr, 51114 . E.ﬂrlnz, Iln4*, 7ln2 ,E.ﬁrln 2rln ,ete.

1
[
B

vy

Note: %)r(]nlﬁ —In4) would be AQ.
Working in u: where u = 300+ 4,
MI1: For + klnu where kis a constant and kcanbe 1.

MNote: M1 can also be given for + k]n(pu}, where k and p are constants and k canbe 1.

Al: For l]J:lu' or l11:131',.' or l].upm
3 3 3

dM]1: Substitutes limuts of 16 and 4 1n v or linmts of 2 and 0 in x and subiracts the correct way round.
Al: As above!

Q17.




Question

Niimber Scheme Marks
(@) | [tan’x dx
[NB: sec’ A=1+tan’ 4 gives tan’ 4 =sec’ 4 -1 ] The correct underlined identity. | M1 oe
= [sec2 x—1dx
Correct integration
Loy -
anx —x (+c) with/without + ¢ Al
@)
(b) j e
2
u=lhx = £-1
b_y? = y=I- %
1 - 1 1 e Use of “integration by parts’
T ARt _| e formula in the correct direction. | M1
Correct direction means that v = Inx.
Correct expression. | Al
_ nx s 171 . An attempt to multiply through
3 213
2x e ;._HEZ.I,J:___Zhy%mdaﬂ
attempt to ...
=— 11]nx+%[—21]){+c] g
ol ul . “integrate”(process the result); | M1
correct solution with/without + ¢ | A1 oe
(4)
3:;553 4 Scheme Marks
e}:
C dx
() II+EI
= de ., dxr 1 dx 1 Differentiating to find any one of the
u=1l+e¢" > —=¢', — = —, — = — x B1
{ dx " du & du :1—1} three underlined | =
22 oF =1 e 1 Attempt to substitute for e** =f(u) .
=J 'Idx=[ — —du Cd 1
1+¢ J u their — =— and u =1+¢"
s M1*
d 1
Fu-1° 1 or € =f(u), their — =——
S Ju -y du u-1
= B u=1+e".
- J‘Mdﬁ Iﬂ du | A1
u u
Fu’ —2u+1
= _l du An attempt to
" multiply out their numerator
to give at least three terms
- J P R T and divide through each term by u | gpq*
e Correct integration
u
=?—2u e (H) with/without +c | A1
(1+e) Substitutes ¥ =1+e* back into their
=———-2(1+e)+In(l+e")+¢ integrated expression with at least two | dM1*
2 terms.
=l+ef+le¥ -2-2e" +In(l+e") +c
=lief+le®—2-2e" +lnl+e") +c
=le¥ " +ln(l+e")-3+c
- S, le¥—e* +In(l+e) +k
=te” —e" +In(l+e) + AG i =

must use a +cand " —3 " combined.

7
[13]




Q1s.

%l:l?;ggp Scheme Marks
sti.uQxdx:—x‘:G;EI+‘[mizxdr M1 A1 A1
1 ?
_ SN X M1
4
[ - P=Z M1 A1
v 4
[6]
Q1l09.
%Tﬁggp Scheme Marks
(a) x=3 = y=0.1847 awrt | B1
x=3 = y=016067 awrtor% B1
(2)
(b) Im%[0_2+0.166?+2(0.184?+D_l?45}] B1 M1 Attt
B ~ 0,543 0.542 or 0.543 | A (4)
dx
—=2{u—4 B1
e} | =2l=4)
;dx—jlxz{u—-ﬂdu M1
4+ (x-1) u
A
:I(Z—E s Al
uj
=2u—8lnw M1 A1
x=2 = u=5, x=53 =3 u==56 B1
[2u-81nu]; =(12-81n6)—(10-81n5) M1
A
=2+8111(E Al
Yy
(8)
[14]

Q20.




Question
Number Scheme Marks
i :
— =—sinx
T Bl
jsin xe™= My = —Ie”du M1 Al
=—g" ft sign error | Alft
= _ecus.r—l
[ e““'_l]g =l {— &) or equivalent with u | M1
=¢(e—1) * cso | Al (6)
[6]
Q21.
Question
Number Scheme Marks
(a) f{&}=4c053 8—3sin’ @
r 3\
=4{%+%c052§]—3[%—%c052&J M1 M1
N cso | Al 3)
S
. | I F..
(b) Iﬂcos.‘ﬂdﬁ=?&511138—7j5u135d5 M1 Al
. 1
=—@sin28+—cos28 Al
2 4
. 1.5 & 7
JHf{ﬁ)dr.?:—r&?“——55111249'——*.:0526? M1 Al
2747 T g
X 2 =~ =
[ .. ] =| =40 {{}+{J+—} M1
D 1 8
. T
— =iy Al (7
16 4 )
[10]

Q22.




Question

Humber Scheme Marks
a —=—2sinu B1
(a) =
j;dx—J‘ : *—2sinu du M1
x4 —x’ (chsu)] 4—(2::05;{]2
_j 1 3 1
=J. 1..51.11:: —du Useof l—cos"w=sm u | Ml
4cos'u~f4s'm‘u
=—l'[. 11 du ik'[. 12 du | M1
4.) cos u cos u
:—imnu (+C) tThtanuw | M1
x=\E :‘“\E:chsz{:} u=%
F g
x=1 =1=2cosu = H:E M1
][4
——tanu | =-——| tan——tan—
4 z 3)
1 -1
Z_E(l_"ﬁ) [zT] Al )
N !
4
V= L | d M1
®) d [x(-’-l—x‘}‘ *
1
B 5
=16;'I'|. - dx 167 % integral in (a) | M1
1 x4 —x"
3i-1
:lﬁj‘r[J; ] 16 % their answer to part (a) | Alft (3)
[10]

Q23.




Q24.

%tﬁg:: Scheme Marks
i (5-x)
Q f(a) jw.,"[ﬁ—x}dxzj(ﬁ—x}'dxz(_;) (+C) M1AT  (2)
> 2 3 2 3
(b) (1) J{x—l)\.'{5—.1')([:(=—:(x—l][ﬁ—x‘f—e—:J‘(S—x):dx M1 A1ft
3 S 3
5_ o F
- il O g M1
2 ;4 :
=—E(x—l][5—x)'—F[E—.x')* (+C) Al (4)
S 2 o S 4 £ ? 4 f&-
(11) |:—E['.r—1)[:\—r)'—E(S—I)' :ll 2(0_0}_(0_EX4:_]
:ﬁtzsiag.rﬁ] awrt 8.53 M1AT  (2)
15 15
[8]




Question
Number Scheme
7 u=Inx % = l I
@ I —lnx dv i b
5 dv 3 b T |
=T e e
dx =9 o)
.3
In the form —= ]n).'ij.ﬂ 14 L Ml
b % XX
2_12 Inx simplified or un-simplified. | A1
=
o (5 [N " L .
—I — — sumplified or un-simplified. | A1
2 s =
= 1, Inx +l i dx
p 2] x
1 if A1) tlull sip o
=72.2h“+3{’7:]{+(} X5 %
X bk Correct answer, with/without + ¢ | A1
[3]
] o Applies limuits of 2 and
® I& lﬂ_lnxfiw] ==[7 1"11127%.,[,%]111,%] 1 to their part (a) -
l. 2% 0 Dll J C 202 427 ) | 20° 41)° answer and subfracts
the correct way round.
1
bl l1112 or R 2 or i(3—2]_112}, etc, or awrt 0.1 or equivalent. | Al
16 8 16 16
[2]
E
(a) M1: Integration by parts 15 applied in the form :fL Inx iJl;t iﬂ = or equivalent.
3 X x
Al: 2_12 Inx simplified or un-simplified.
)
-1 1 :
Al: - j. — orequivalent. You can ignore the dx.
3 11 =
dM1: Depends on the previous M1. = |y — — — £ f8x .
X x
1 i 1 1 e =
Al: ——.lnx——[— 5 J {+chor = ——sInx——5{+c} or Z-mmx- - {+c}
2x 2l 2x b 4x° -2 4
-1-2Inx s
or ———— {+ ¢} or equivalent.
2 rejoreg
You can ignore subsequent working after a correct stated answer.
®) M1: Some evidence of applymg limits of 2 and 1 fo their part (a) answer and subtracts the correct way round.
1 In()+3
Al: Two term exact answer of either A l]rLZ or e In2% or L(3— 2In2) or L
16 8 16 16 16
or 0.1875 - 0.125In2. Also allow awrt 0.1. Also note the fraction terms must be combined.
Note: Award the final A0 n part (b) for a candidate who aclueves awrt 0.1 in part (b), when their answer to
part (a) 1s incorrect
(b) ctd | Note: Decimal answer 1s 0.100856... in part (b).

Alternative Solution

iy el g |

1 dx |

—lnxdx, g i

X l:]11:( = v=xlhx-x |
X

]
Jijmx dr =L (xlnx - ) - J (elnx —0) o dv
x x 22

1 1 A
k| slhhxdc =—(xlhx-x) £ | 5dx
J.x' X 7 (xInx —x) j.x' b el

i i 3 where k£=1
| | e 12 asop= g MLE i
“J.x‘]'ml s ¥ (xlnx-x) J-fd" Any one of %(r]ﬂx—x) or — I%d} Al

L.(,\'].ux—x) 7J.i,dx and k=-2 | Al
x X

—Ej.i,].ﬂxdt=i,(.¥]ﬂx*x)+ia {+C} iJ‘;lL, %iﬂx’:_ dM1
x’ oo 2x x
1 1 3 = L(J'h’] x—x) — 2 or equivalent
I_jmx dr =— < (xlnx-x) - = {+¢} 2% 4 Al
X 2x 4x with/without + ¢ .

1 1
= —_al.ll a =
2x* ¥ 4x” {+ C}




Q25.



Questio
n Scheme Marks
Number
(a) | {y=0=}1-2cosx=0 1-2cosx =0, seen or implied. | M1
o At least one correct value of x. (See notes). | Al
Sx=" = 5
3°3 Both g and Tfr Al cso
_ (3]
®) V= HL: (1—2cosx)? dx For zrj(l—2cos x) - B1
B Ignore limits and dx
”{l —2cosx)’ dx } = J(l — 4cosx + 4cos” x)dx
i Iy I = ° & s
_ _[1—4cos.x+4( 1+coslx | dx cos2x =2cos x —1 Mi
. J See notes,
= J(B — 4cosx + 2cos2x) dx
Attempts [y* to give any two of
. +4 -+ dx, £Bcosx — t Bsmx or | M1
. 2sin 2x -
=3x—4smx+ +Acos2x — + usin2x,
Correct integration. | Al
4 . ... 2sin(1%) i . 2sin(%) Applying limits
V={n}|| 3(°F) - 4sim(¥) + > ] 5 (3(—;) —4sm(§)+ = i the correct way ddM1
;. S round. Ignore
_ .
=7 (5;’54&2\}'—— ﬁ]— 7-2\3 + ﬁ]
hN 2 y hS 2 .Jla
— 7((18.3060..) - (0.5435_)) =17.76257 = 55.80
. zr(4:r +3 \6) or 4r* +373 Two term exact answer. | Al
[6]
9
(a) [M1: 1-2cosx=0.
: 2 : : 1 : : : :
This can be implied by either cosx = - orany one of the correct values for x in radians or in
degrees.
1" A1: Any one of either% or S—; or 60 or 300 or awrt 1.05 or 5.23 or awrt 5.24 .
2 A1: Both Z and 27
3 3
(b)
B1: (M1 on epen) For 7 j (1-2cosx)’ . Ignore limits and dx.
1" M1: Any correct form of cos2x = 2cos” x —1 used or written down in the same variable.
This can be implied by cos®x = % or 4cos’x —»2+2co52x or cos24d=2cos’Ad—1.

2*4 M1: Attempts [y* to give any two of +4 — £ 4x, +Bcosx - +Bsinx or +icos2x — + usin2x.
Do not worry about the signs when integrating cosx or cos2x for this mark.
Note: J(l —2cosx)’ = jl + 4cos’ x is ok for an attempt at [y°.

2smn2x 2sin 2x

1" Al: Correct integration. Eg. 3x — 4sinx + = or x—4sinxy + = +2x oe.

3" ddM1: Depends on both of the two previous method marks. (Ignore ).

; : : S . S
Some evidence of substituting their x =

. ¥/ .
and their x = = and subtracting the correct

way round.
You will need to use your caleulator to check for correct substitution of their limits into their integrand
if a candidate does not explicitly give some evidence.

Note: For correct infegral and limits decimals gives: ﬂ'((l8.3060...) —(0.5435.)) =17.7625x = 55.80

2" A1: Two term exact answer of either ;:[4;7 +3 Jﬂ or 47> + 373 or equivalent.

Note: The 7in the volume formula is only required for the Bl mark and the final A1 mark.
Note: Decimal answer of 58.802... without correct exact answer 1s A0,

Note: Applying J{I —2cosx) dv will usually be given no marks in this part.




Q26.

%ueshu? Scheme Marks
Numbel
2 du | [ du |
=X :Ezhl |u=x = I=1|
(a) J‘xge dx, 17 Application: = L 2™ Application: . g
Tows pg g | [P et = v=e |
dx J Ldx J
et — lexe” {dx}, A>0 | M1
= x’e" - sze’”dx
x'e* — J'err {dx} | Al oe
_ Either +A4x’e® + Bxe™ + C‘JeJr {dx}
= x'e" - 2(:&:’r —Je"dr) _ M1
' or for iKJxe" {dx} —> iK(xe” —Je" {d.x})
2.X 1 x x M1
’ TAxe” TBxwe’tC
= xe —2(xe* —e*) {+c} ¢ ¢ ¢
Correct answer, with/without + ¢ | A1
{[x]ex _ o(xe* — E.r)]l } Applies lim.ijs of 1 and 0 touan expression of the
(b) i form t dv'e” +Bye"+ Ce*. A= 0, B=0and | Ml
= {13 e' —2(le' —e')) —(0%e” —2(0e’ —e")) C = 0 and subtracts the correct way round.
=e—12 e—2 cso | Al pe
Notes for Question
(a)
MI: Integration by parts is applied in the form x’e* — J‘,lxe* {dx} , where 2>0. (must be in this form).
Al:  xe* - J‘er" {dx} orequivalent.
M1: Either achieving a result in the form +.Ax"e” + Bre™* C'J e {dx} (can be implied)
(where 4=0_,B8 =0 and C = 0)or for iKJxe" {dx} > iK(xe” —Je"'{d.x})
Ml: +Ax’e* +Byxe*+ Ce* (where 420 .B=0 and C =0)
Al: x'e” —2(xe" —e") or x'e’ — 2xe” +2e" or (x’ — 2x + 2)e” or equivalent with/without + ¢ .
(b) M1: Complete method of applying limits of 1 and 0 to their part (a) answer in the form +Ax"e” + Bre" + Ce",
(where 4=0,B5=0and C =0 ) and subtracting the correct way round.
Evidence of a proper consideration of the limit of 0 (as detailed above) 1s needed for M1.
So, just subtracting zero 1s MO.
Al: e—-2o0re'—2or —2+e Donotallow e — 2e° unless simplified to give e — 2.
Naote: that 0.718... without seeing e — 2 or equivalent is A0,
WARNING: Please note that this A1 mark 1s for correct solution only.
So mcorrect []; leading to e — 2 15 AD.
Note: If their part (a) 15 correct candidates can get M1A1 n part (b) for e — 2 from no working.
Note: 0.718... from no working 15 MOAO

Q27.




Question

Roanes Scheme Marks
4
1
———dx, u=2+,2x+1)
.[ 0 2+4/(2x+1)
. Either % — 4 K2x+D7 or F ot iw-2) | M
du ) . dx dx du
E:(h+1)- or d—:u—i s . e
" Either = (2x+D 2 or S =-2) |Al
dx du
[ 1 . 1 2 ds Correct substitution | A1
‘l 2+ Jox+D i - S Ch (Ignore integral sign and du).
i 7
= J.i 1 —i ldh’ An attempt to divide each term by u. | dM1
+Au + Blny | 4dM1
= u—2lnu
u—2mu |ALR
] Applies linuts of 5 and 3 u
{So [u — 2]1131]3 } =(5-2In5)—(3-2m3) or 4 and 0 in x in their integrated function | M1
and subtracts the correct way round.
27 37
:2+3].nl'—J 2+31n['—J .
o5 .5 ) | caocso
8]
8
Notes for Question
M1: Alsoallow du=tA4 I = dy or (u—2)du==xAdx
u—2
Note: The expressions must contain du and dx. They can be simplified or un-simplified.
Al: Alsoallow du = ; ! - dv or (u-2)du=+Adx
u—
Note: The expressions must contain du and dr. They can be simplified or un-simplified.
1 : :
Al: .[— (u — 2) du . (Ignore integral sign and du).
u
dM1: An attempt to divide each term by .
Note that this mark is dependent on the previous M1 mark being awarded.
Note that this mark can be implied by later working.
ddM1: zdutBlnu, A=0,B=0
Note that this mark 1s dependent on the two previous M1 marks being awarded.
Alft: w—2lnu or £A4u = Blnu being correctly followed through, 4=0, B=0
M1: Applies limmts of 5 and 3 inu or 4 and 0 1n x 1n their integrated function and subtracts the correct
way round.
37 1 27
Al: csoandcao. 2+ 2]_11[ ; | or 2+2In(0.6), |= 4+2InB,so 4=2 B = E 1
b "I p8 "l
3 .
Note: 2 — 2]11[— l is AO.
Naotes for Question Continued
ctd

Note: J.l (u—-2)du= u—2lnu with no working is 2 M1, 39 M1, 3 AL

u

but Note: Jl (u—-2)du= (u—2)lnu with no working 1s 2% Mo, 3¢ Mo, 3 A0.
u




Q28.

Q_uesncull Scheme Marks
Number
(a) 6.248046798... = 6.248 (3dp) 6.248 or awrt 6.248 | Bl
(1]
1 :
(b) Area ~—x2 > 3+2(7.107 + 7.218 + their 6.248) + 5.223 B1; M1
=49369 =4937(2 dp) 49 37 or awrt 49.37 | Al
[3]
1 1
1 1, L 3 =
U(ME L +3)df}: g —J—lze  (an) + Ate iBJe {dt}, 4=0,B=0 | Ml
c
© See notes. | Al
+3t 333 | Bl
_ll‘ _lr _;r _l:
= —12te 3 —36e ® {+ 3t} ~12te 3 —36e > | Al
1, 1 u
{—we P —36e 7 + 3:} =
i}
Substitutes limits of 8 and
0 mto an mtegrated
) o . function of the form of
—+® —® -3© -3© ) 1 i
=|-128)e * —36e 3 +3(8)|-|-12(0)e 3 —36e 3 + 3(0)J Sl i e
\ J A _ . 5
+ite 3 + pe S+ Bt and
subtracts the correct way
round.
il e A
=[—95e 3 —36e " +24]—[0—36+{}}
it / 48
= 60— 132e 3 60 — 132e 3 | Al
6]
=&
(d) Difference = |60 — 132e ¥ — 4937 =1.458184439..=1.46 (2 dp) 1.46 or awrt 1.46 | Bl
(1]
11
Notes for Question
(a) B1: 6.248 or awrt 6.248. Look for this on the table or in the candidate’s working.
. 1
(h) B1l: Outside brackets Exz or 1
M1: For structure of trapezium mle[ ............. ] . Allow one miscopy of their values.
Al: 4937 or anything that rounds to 49.37
Naote: It can be possible to award : (a) B0 (b) BIM1A1 (awrt 49.37)
Note: Working must be seen to demonstrate the use of the trapezium rule. Note: actual area 1s 50.828._.
Bracketing mistake: Unless the final answer implies that the calculation has been done correctly,
Award BIMOAO forl + 3+2(7.107 + 7.218 + their 6.248)+ 5.223 (nb: answer of 50.369).




Notes for Question Confinued

(b) ctd

(©)

(d)

Alrernative method for part (b): _Adding individual trapezia

3+7.107 e 7.107+7.218 A 7.218+6.248 5 624845223
. 2 2 2

B1: 2 and a divisor of 2 on all terms inside brackets.

M1: First and last ordinates once and two of the middle ordinates twice mside brackets ignoring the 2.

Al: anything that rounds to 49 37

1 1

1"
Mi: For 4re 5 — * dte 3riBJe T{dt}, 4=0,B=0

Area ~ 2){ }= 49.369

1 f 1.7

Al: For fe_gr —}[ —3fe_§r - J—B e’ (some candidates lose the 4 and this 1s fine for the first A1 mark).

=L ( —t —l.'\
or 4te? —>4[—3;e3 —|—-3e°?
\

1

1 1 ¢ L
or —12te? —J—lze it or 12[—!‘& = —J—e 3

These results cé.n be implied. They can be simplified or un-simplified.
B1l: 3 —3for 3 — 3x (bod) .

Note: Award BO for 3 mtegrating to 12¢ (implied), which is a common error when taking out a factor of 4.

Be careful some candidates will factorise out 4 and have 4[ ~:—% l — 4[ ____+%r 1

&

which would then be fine for B1.
Note: Allow B1 for I;E:d:‘ =24
1 1 1 T

Al: For correct integration of 4te 3 to give _12te 3 —36e 3 or 4[ _3te? —9e ?
I".

or equivalent.

This can be simplified or un-simplified.
1 1,
dM1: Substifutes limits of 8 and 0 into an integrated function of the form of etther +4re > + e 3 or
1,
+ite T + pie 3 + Bt and subtracts the correct way round.
Note: Evidence of a proper consideration of the linit of 0 (as detailed in the scheme) is needed for dM1.
So, just subtracting zero 1s MO.

8
Al: Anexact answer of 60 — 132e 3. A decimal answer of 50.82818444.__ without a correct answer 15 AQ.

Note: A decimal answer of 50.82818444  without a correct exact answer 1s AQ.
Note: If a candidate gains M1A1B1A] and then writes down 50.8 or awrt 50.8 with no method for
substituting lumits of 8 and 0, then award the final M1AO.
IMPORTANT: that is fine for candidates to work in terms of x rather than r in part (c).
Note: The "3t" is needed for B1 and the final A1 mark.
B1l: 146 or awrt 1 46 or-1.46 or awrt -1 46.
Candidates may give correct decimal answers of 1.458184439 . or 1.459184439

Note: You can award this mark whether or not the candidate has answered part (¢) correctly.

Q29.




Question

N Scheme Marks
x=27sec’t, y=3tant, 0<t< g
de  dy
s a2 At least one of f ol'd—J correct. | Bl
(a) d—:Blsecgrsecrtanf, di:3sec3r g2 . .
g ' Both = and < are comect. | B1
dr dr
) 0’ ; 24 _ Cdy . dx
di: S = ! L I K Applies their < divided by their & v
dc 8lsec’ftant | 27secftant 27tanr 27sint dr dr
) e (Z ( ' 4
Arr:i; dlz S%E_C (%) =i{=i=i} — | Al cao cso
6 dr 8lsec’(Z)tan(%) 72 54 1 72
[4]
e : ik 17 el sy
(b) {l—tan‘z:sec‘f}:>1+[i] :‘JI 3"H :til M1
.3 \27,)) \27)
2 el
—1+2 =X = 942 = :>1:{x?—9}3* Al* cso
9 9
a=27andb=216 or 27 = x=216 a=27 and b =216 | B1
[3]
125( 132 125 [ 2 : [ 2
F3 Y7 [ 1 F T —9)? I
() V= ;rJ. (x‘ —9}‘ ‘ dr or ,TJ. [f —9)(13; or jTJ. (’" } o EJ[.:‘ 9) Bl
C ‘ B Ignore limits and dx. Can be implied.
: o 3.2
5 125 Either =Ax*%* Bx or —x* oe | Ml
c - g 5
= {T}{—x- - 91} ]
5 N 3 2
e —x¥ —9x oe | Al
5
(f 3 5 Y (3 5 Wy Substitutes limits of 125 and 27 info an
= {T}l 2(125)3 —9(125) ]— [ 2(37’33 —-9(27) ” integrated function and subtracts the | dM1
A S /. correct way round.
= {7}((1875 — 1125) — (145.8 — 243))
4236 4236
=222 or 84727 T or 84727 | A1
[5]
12
Notes for Question
dr dy : N . .
(a) Bl: Atleastone of ar -::-rdi correct. Note: that this mark can be imphied from their working.
t
dx dy ) . 2 a : _
Bl: Both . and E are correct. Note: that this mark can be implied from their working.

M1: Applies their % divided by their % , Where both % and % are trigonometric functions of r.

4 : ) ; .
Al: = or any equivalent correct rational answer not mvolving surds.

Allow 0.05 with the recurring symbol.




Notes for Question Continued

Note: Please check that their % 15 differentiated correctly.
t

Eg Note that x = 27sec’t = 2?((}05:‘]_3 = % =- 81(005;?)_] (—sin?) is correct.

(b) M1: Either:
e Applying a correct trigonometric identity (usually 1+ tan’f = sec’ # ) to give a Cartesian equation in
x and y only.
+ Starting from the RHS and goes on to achieve +/9tan’ by using a correct trigonometric identity.
e Starts from the LHS and goes on to achieve y/9sec’f—9 by using a correct trigonometric identity.
-
Al*: For acorrect proof of y = (x? - 9)' :
Naote this result 15 printed on the Question Paper, so no incorrect working is allowed.
Bl: Both a=27 and b =216. Nate that 27 < x = 216 1s also fine for B1.
(©
B1: For a correct statement of ,fr.[ ( - 9'}5 or ,’EJ‘(JJ% N 9.} . Ignore linits and dx. Can be implied.
: : : : : : e 32
M1: Either integrates to give + 4x* + Bx, 4=0,  B= 0 or integrates x° correctly to give Ef oe
3 32 3
Al: 2% —9x or. ——9x oe.
5 3
3,
dM1: Substitutes limits of 125 and 27 mto an integrated function and subtracts the correct way round.
Note: that this mark 1s dependent upon the previous method mark being awarded.
4236
Al: A correct exact answer of d or 84721
Note: The 7 in the volume formula is only required for the B1 mark and the final Al mark.
Note: A decimal answer of 2661 .557_.. without a correct exact answer 15 AQ.
Note: If a candidate gams the first BIM1A1 and then writes down 2661 or awrt 2662 with no method for
substituting linuts of 125 and 27, then award the final M1AO.
(a) Alternative response using the Cartesian eguation in part (a)
- | d & =
| Y \l ] 2 —l/ “ —1=:K]' 1(.’( _9}_ Ml
. )] 3 | dl’ 1 3 . ] d
Way2 [ qy=|x -9 :H-E:E[ x* —9 Ex P, By
I._ \ 4 J \ \ A _1 = _( xT 9) 2 _x_; 1 oe Al
dx 2 \ J
T 3 i :"T‘
Arr:’—.x=2?sec-[—]=z4 3 _
6 .6 3 Uses t = to find x and substitutes
. e B : 6 dM1
&y 1 (0 2% e 5 S, n e T
1 (24\5]:_9 ‘_(34J§)J eir x into an expression for &
] A B & X
dy 1(1 ‘]f' 1 ] 1 1
So, =2 —=—|—<=||—&|=— — | Al cao cso
dx 2LJ§,[_3J} 18 18

Note: Way 2 1s marked as M1 Al dM1 Al
Note: For way 2 the second M1 mark is dependent on the first M1 being gained.




Notes for Question Continued

(b) Alternative respm:ses for M141 in part (b): STARTING FROM THE REHS
J -J For applying 1 + tan”t = sec”t oe
Way2 | (RHS =} (x* -9 =/(27sec*t)' =9 = \f9sec?r—9 = \/otan’ M1
{ } [ ) ( ) to achieve w.|'9tan' t
=3tans =y {= LHS} cso Correct proof from (x - 9} toy | Al*
M1: Starts from the RHS and goes on to achieve +/9tan” ¢ by using a correct trigonometric identity.
(b) Alternative responses for M141 in part (b): STARTING FROM THE LHS
Way 3 S _ For applying 1 + tan®t = sec’r oe
{LHS =} y = 3tant = ,[(9tan" ) = J9sec’t -9 ' i M1
: to achieve +/9sec™ -9
= €s0 Correct proof from y to (x' e 9}3_ Al*
MI1: Starts from the LHS and goes on to achieve +/9sec’t—9 by using a correct trigonometric identity.
(c) Alternative response for part (¢) using parametric intesration
e 3tanf(81sec’ tanz) dr
V= ;.rJ.Qtan: t(81sec® tsect tant) dr i A (B ecntachtan) Bl
Ignore limits and dx . Can be implied.
={x}| 729sec’ ttan’ rsecrtant dt
= {x} | 729sec’ t(sec’ t — 1)secrtant dt
={x} | 729(sec* ¢ — sec® t)secttant dr
={x} | 729(sec’ ¢ — sec’ t)secttant dr
- & . +A4sec’t + Bsec't | M1
={ﬂ'} [— ecr‘——sectﬂ S
5 § 729 —sec t——sec' | | Al
e 3 |
N i : 5 i
105Y 175V 1. 1) Substitutes secr = — and secs =1 into an
V= {r} ?zg[—l— ——['—] - ?29[ -1 ——1"1 _ . & dmM1
S\3) 33 5 3 mtegrated function and subtracts the correct
¢ ' way round.
(250 [ 27
= 7297 [—J - [——
243 . 15,
4236 47367
=227 or 84727 . 84727 | Al
[5]

Q30.




Question

Number Scheme Marks
I T I T I S N TR
y| 142857 | 090326 | 0.682116.. | 055556 | = 2x+5x
(a) {Atx=3}y= 068212 (5dp) 0.68212 | B1 cao
(1]
’ Outside brackets 1x1 or £ | B1 aef
—x1x|1.42857 + 0.55556+2(0.90326 + their 0.68212
®) ) g x[ { s }] For structure of [ ................ } M1
{= 1(5.15489) } = 2.577445 = 2.5774 (4 dp) anything that rounds to 2.5774 | Al
[3]
(c) e  Overestimate
and a reason such as
e {top of} trapezia lie above the curve
e 3 diagram which gives reference to the extra area
. c;nf:anfe Or convex B1
. d.}.'lz > 0 (can be implied)
e bends inwards
e curves downwards
(1]
du 1 -2 dx
(d) u=+x=}—=—x2 or —=2u Bl
{ } dx 2 du
. 1 +k ' tk
}—D_ 2u du Either J q—“ {du} or J ————— {du} | M1
2u° + 5u | au® + Bu u(au® + fu)
+4 5) or £4 i W |
) . _ y T Aln(2u +5) or _/llnLu +2_;]’ A=0 M1
= du » = —In(2u +5) with no other terms.
2u+5 2 P -
: 20 20 5)
— —In(2u +5) or 10ln| u + —] Al cso
2N+ 5 2 \ 2)
20 2 Substitutes limits of 2 and 1 in u
[T]n(}iu —5)} =10In(2(2)+5) —10In(2(1) + 5) {or 4 and 1 in x) and subtracts | M1
@ I the correct way round.
Fg
10In9 - 10In7 or 10]11[?] or 20n3-10In7 Al oe cso
[6]
11
Question Notes
(a) Bl | 0.68212 correct answer only. Look for this on the table or in the candidate’s working.
: 1 1 :
(b) B1 | Outside brackets EXI or 5 or equivalent.
M1 | For structure of trapezium mle[ ............. ]
Note | No errors are allowed [eg. an omussion of a y-ordinate or an extra y-ordinate or a repeated y ordinate].
Al | anything that rounds to 2.5774
Note | Working must be seen to demonstrate the use of the frapezium rule. (Actual area1s 2.51314428. )




cmg?i Nate | Award BIMIAL for %(1-42857 + 0.55556) + (0.90326 + their 0.68212) = 2.577445

Bracketing mistake: Unless the final answer implies that the calculation has been done correctly
1 :
award BIMOAO for EXI +1.42857 +2(0.90326 + their 0.68212)+0.55556 (nb: answer of 5.65489).

award BIMOAO for éxl (1.42857 + 0.55556) + 3{0_9(]326 + their 0.68212) (nb: answer of 4.162825).

Alternative method: Adding individual trapezia
142857 +0.90326 090326 +"0.68212"  "0.68212" + 0.55356
Area =~ 1x + +
2 2 2
Bl | B1: 1 and a divisor of 2 on all terms inside brackets.
M1 | M1: Frst and last ordinates once and two of the middle ordinates twice inside brackets ignormg the 2.
Al | Al: anything that rounds to 2.5774

} = 2577445

(c) B1 | Overestimate and erther trapezia lie above curve or a diagram that gives reference to the extra area

eg. This diagram is sufficient. It must
show the top of a trapezium lying
above the curve.

-

0r COncave or Convex or

N (can be implied) or bends mwards or curves downwards.

o

MWanta | Raac nf “rradiant 1o nagativa™ her itealf e N

(d) Bl L "x? or du-= dr or 24/xdu = dr or dr=2udu or E: 2u oe.

dce 2 2«,/{; du

M1 | Applying the substitution and achievin {J. LU {du} or j N R {du}
- PRARE S g _ au’ + Bu 1: ulau” = Bu) '

k,a, f=0. Integral sign and du not required for this mark.

M1 | Cancelling # and integrates to achieve +A1In(2u +35) or i/l-].nl U+ L A = 0 with no other terms.

rs

FJ A
to give ‘_?D]n(Zu +5) or 10].11[ u+ % l,un-simp]iﬁed or stmplified.

Al | cso. Integrates

2u+s
5

2u+5

Naote | BE CAREFUL! Candidates must be integrating or equivalent.

10
So J." : du = 10In(2u +5) WOULD BE A0 and final AOQ.
2u +

M1 | Applies limits of 2 and 1 in & or 4 and 1 m x m their (i.e. any) changed function and subtracts the
correct way round.

sy o e - 10
Al | Exact answers of etther 10ln9 —10ln7 or 10]111%] or 20ln3 -10ln7 or 20]11]%1 or ]n[g—a]
b Jl s r .,

or equivalent. Correct solution only.
Note | You can ignore subsequent working which follows from a correct answer.
Note | A decimal answer of 2.513144283___ (without a correct exact answer) 15 AQ.

Q31.



Question

e Scheme Marks
. : ia’xe”—Jﬁe“{dx}, a=0, f>0 | M1
(1) J.re“ dr = —xe“—J‘ —e* {dx} . .
E y —xe'”—J —e* {dx} | Al
4 4
e L {+ ¢} e Lo | A
4 4 16
(3]
: . +102x -1 | M1
. e | B )
(1) ,[ (2x 1}:3 i (2)(-2) {+ C} at G\ or equivalent. | A1
| @)(-2) '
{= <220 e }} {Tenore subsequent working}. [2]
y . T
(111) — = e"cosec2y cosec y y=—atx=0
dx 6
Main Scheme
1 . .
J— dy = Je" dc  or Jsml}-‘ sy dy = Jex dx Bl oe
cosec2y cosecy
JESiIlJ-‘COS}" smy dy = Je" dox Applying ———— or sin2y — 2sinycosy | Ml
cosec2y ' i :
Integrates to give + usin’ y | M1
%sjf y =e"{+c} 2sin’ ycosy —» %sin:‘_v Al
e"—e” | Bl
p PR T
-3 2 1 - ] — — - —
Tsm;lg}zeu_c or :]:1_1=€ Use of ) 6and.x 0 | v
11 T = N iy « 11
= c=—— giving —smnty =& —— —smy =¢ —— | Al
= : 12 e 12
[7]
Alternative Method 1
1 . .
J— dy = Je" de  or Jsml}-‘ sy dy = Je"" dx Bl oe
cosec2y cosecy
J—%{msj}: —cosy)dy = Je" dx sin2ysmy —» = Acos3y T Acosy | Ml
Integrates to give Tarsin3y = Gsiny | M1
L. o 1(1 . )
—| —sm3y—siny|=¢e" {+¢ ——| -sm3y —smy | | Al
31\3 : ' J { } 2\3 d : ,'1
e’ — e" as part of solving their DE. | Bl
1(1 . (3 . 11 1 e e e
— ;smj% _Sml%] _e®+e or _?IE_?l_l _ . Use of y 6‘ancl x=0inan |,
B £ L TE integrated equation containing ¢
= c——E ving —lSiJJ_;'h’-i-l'Sinl’—Er—H —lsj.u3v+lsinv=e” L Al
T B T 6 =~ 2 12
[7]

12




Question Notes

&)

(11)

(11)

M1l

Al

Al

isw

SC

Mi

Al

Note

B1

Note

M1

M1

B1
M1
Note
Al

Note

Integration by parts is applied in the form +gxe™ — J Be* {dx} , where @ =0, #>0.

(must be in this form).
I 4 J‘ I = :
—xe™— | —e™ Idx! orequivalent.
5 LS dx} oreq

%xe*"" _ L e with/without +¢. Can be un-simplified.
You can ignore subsequent working following on from a correct solution.

) dv .
SPECIAL CASE: A candidate who uses u =x, e e**  writes down the correct “by parts”
x

formula,
but makes only one error when applying it can be awarded Special Case M1.

+A(2x-1)7, A =0. Note that Acanbe 1.
2 iy
M or -2(2x-1" or ——— with/without + ¢. Can be un-simplified.
(2)(-2) (2x = 1)

You can ignore subsequent working which follows from a correct answer.

Separates variables as shown. dyand dx should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
Allow B1 for J; . Je’ or JSiJlZ}’ siny = Jex
cosec2y cosecy
1
cosecly
seen anywhere mn the candidate’s working to (111).
Integrates to give £usin’ y, u=0 or zasindy+ fsiny, a=0, f=0
2

m_c_ 2 ___ . . L - 3_ ke 4 e h o o a_a ot

—2smycosy or smn2y—2smycosy or sin2ysmy—>=EAcos3ytdcosy

Il e e

Evidence that e* has been integrated to give e* as part of solving their DE.
Some evidence of using both y = = and x = 0 1 an integrated or changed equation containing c.

that 1s mark can be implied by the correct value of c.

9 . 11 1. 1 . 11 -
—sin” y =" —— or ——sin3y +—siny=e" —— or any equivalent correct answer.
3 12 6 2 12

You can ignore subsequent working which follows from a correct answer.

Alternative Method 2 (Using intesration bv parts twice)

1 . 2 . 1 i 2.
—cosysm2y — =smycos2y =& {+¢ —cosysm2?y — —sm ycos2y
ysin2y -3sinyeos2y =€ {+¢} 3w v - & |m

1 . 2 . 2 :
—cosysin2y ——sin ycos2y =e* — — ——sin3y +—siny =e* — — | Al
a e g :

Jsini}’ smydy = Je” dx Bl oe

Applies integration by parts twice

to give Tacosysinly x Ssmycos2y Lk

(simplified or un-simplified)

e’ — e as part of solving their DE. | Bl

as in the main scheme | M1
11 1 1 11

12 6 2 12
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o et Scheme Marks
Number
1
(@ | Area~—x05:x [z +2(4.077 + 7.389 + 10.043) + 0} Bl: Ml
1
=1>< 45018 = 11.2545 =11.25(2dp) 1125 [ Al cao
[3]
(b) Any one of
* Increase the number of strips
e Use more frapezia
* Make s smaller
+ Increase the number of x and/or y values used Bl
s  Shorter /smaller intervals for x
s More values of y.
+ More intervals of x
+ Increasen
(1]
[ \ u=2-x ::»%——1
e -xede
© L[ ) ) dv o, 1l 5,
—i— V=—8
dx 2
Either (2 — x)e™ = £ A(2—x)e™ £ J e’ {du}
M1
1 - . a ?x 2y oy 2x B
- ~@2-x)e” _J‘ Lo ) or +xe”™ = +Axe _J,ue {dx}
- 2 1 .2 1 apyp.
(2 -x)e" = E(E—x}e g —J e Tldx} | A1
— (7 _ via* -l-lp'x El’?—r‘!p:x -l-lp]x Al ne
1 3 a5 -
Area = [ —(2-x)e + —e"}
2 [1]
N f Applies limits of 2 and 0 ro ail terms
1 1 1
= { 0+ Ee* l = { E(E)e” + ze‘"" J and subfracts the correct way round. dM1
4
] Sty B e g
4 4 4 4 4
(51
9
Question Notes
. 1 0.5 1
(a) Bl Outside brackets EX 05 or &5 or 0.25 or g
M1 For structure of trapezium rule[ ............. ] . Condone nussing 0.
Note | No errors are allowed [eg. an onussion of a y-ordinate or an exira y-ordinate or a repeated y ordinate].
Al 11.25 cao
Note | Working must be seen to demonstrate the use of the trapezium rule. The actual area 15 12.39953751...
0.5 1
Note | Award BIMI1AI1 for T(Z +0)+ 5[4.0?? +7.389+10.043)=11.25




(a)

contd

(b)

(c)

Bracketing mistake: Unless the final answer implies that the calculation has been done correctly.

Award BIMOAO for %x 0.5+ 2+2(4.077 + 7389+ 10.043)+0 (ub: answer of 45.268).

Alternative method for part (a): Adding individual trapezia
2+4.077 " 4.077+7.389 g 7.389+10.043 A 10.043+0
2 2 2 2

B1 0.5 and a divisor of 2 on all terms inside brackets.
M1 | First and last ordinates once and the nuddle ordinates twice inside brackets ignoring the 2.
Al 11.25 cao

Area = 0_5{ ]=11.2545=11.25 (2 dp) cao

B0 | Give BO for
e smaller values of x and/or y.
e use more decimal places

M1 | Either (2 - x)e™ 5> 2 A2-x)e™ £ [pe¥ {dx} or xe®™ - tixe™ £ [pue™ {dx}

Al | 2—x)e™ = %(2 —x)e™* —J —%eg" {dx} either un-simplified or simplified.

2x

- - - ] 5 - -
Al | Correct expression, 1.e. %(3 —x)e" + %e"" or ]e —xe™ (or equivalent)

dM1 | which is dependent on the 1° M1 mark being awarded.
By 5 et -5

) . 3 5
Al | =e'-= or . Donot allow et — 2e? unless simplified to give gn.o
4 4 4 4 4 4 4

3 .
Note | 1239953751 . without seeing %e" —'Z 15 AQ.

Note | 12.39953751... from NO working 1s MOAOAOMOAO.

Q33.

Complete method of applying limits of 2 and O to all terms and subtracting the correct way round.
Note | Evidence of a proper consideration of the limit of 0 is needed for M1. So, just subtracting zero 1s MO.




Cluestion

e Scheme Marks
1 |
(a) I_rzhxdx=—x}hx—j[—x3X—]dx M1 Al
3 3 x
.5 1
=t lnx—gxz (+C) M1AL (@
(b) j(sec211m2x+sec]x]dx:%sech+tanx (+C) Ml A1+B}:3}
(©) u=2+cos@ = e W
C = Cos — = —5Iin
= MI
5:9::;;:3;9:%::;:2 Bl Bl
in? 2{u—-2
J' sin 28 d9=J'25m9c059d§ J' (H ) M1
24+cosf 2+cosd
=j 4;;-'-2}&;;:4111;;—2:; M1 Al
[4tnu—2u]; =402~ 41n3+2 Order of limits not essential for M || M1
7
=4ln—+2 Accept exact equivalents | Al (8)
13

Q34.




Question . T
Number Scheme Marks
{1 u- :b»}d'}l Ju or E—lx—% m‘ﬁ— - Bl
@ du dc 2 de  24x
[ 1 ' 1
| ——drx;= | ——— Z2udu M1
LIQ .‘JJ(E'J'; -1 J[ ,[t;"(Zu -1
2
= | ——du *
_[u (2u-1) Al ¥ cso
[3]
B
(b) R i — - 5 = 2=A4A02u-1)+ Bu
u2u-1 wu (2u-1)
H=0 = 2=—4 = A=-2 See notes | M1 Al
u=1 = 2=-1B — B=-4
].nteg;mtesﬂ+ N L, M=0 N=0to
o J : J— du u  (2u-1) M1
u(2u - U (‘Z“ g obtain any one of +Alnu or + xin(2u — 1)
— —2Inu+2ICu — 1) At least one term correctly followed through | Al ft
—2Inu + 2In(2u —1). | A1l cao
So, [—2].111.! + 2In(2u — 1}]
Applies lmuts of 3and 1mwu or9
= (2In3+ 2In(2(3) - 1)) — (—2In1+ 2In(2Q1) — 1)) and 1 1n x in their integrated function | M1
and subtracts the correct way round.
= —2In3 + 2In5 — (0)
/5 .‘| fS‘I
:2]_11[—] zlnl—] Al cso cao
L3 3/
[7]
10
Notes for Question
: 1 -
(a) B1: s =2u or dr=2udu or o N lJr Zor L =—— or du= &
du dx 2 dr  24x 24
M1: A full substitution producing an integml in u only (including the du) (Integral sign not necessary).
The candidate needs to deal with the “x™, the © (%E —1) 7 and the “dx ™ and converts from an
mtegral term 1n x to an integral n u. (Remember the integral sign 1s not necessary for M1).
Al*: leading to the result printed on the question paper (including the du ). (Integral sign is needed).
(b)

M1: Wrnting 5 = £ or writing L = £ O and a complete method for
u(2u-1 u (Cu-1) w(2u—-1 u (2u-1)
finding the value of at least one of their 4 or their B (or their P or their ().
Al: Boththeir 4 =-2 and their B=4_(Ortheir P=-1 and their @ =2 with the multiplying factor of
2 1n front of the integral sign).

M1: Integrates o £3
U (2u-1)

+Alnu or £ uln(2u — 1) or :,uln(u - l:)

Alft: At least one term correctly followed through from their 4 or from their B (or their P and their Q).
Al: 2lnu + 2In(Cu — 1)

., M =0,N=0 (Le. a two ferm partial fraction) to obtam any one of

Notes for Question Continued

(b) ctd | M1: Applies limits of 3and 1 inu or 9 and 1 in x in their (1.e. any) changed function and subtracts the




correct way round.
Note: Ifa candidate just writes {—2]11 3+ 2In(2(3) - 1)) oe, this is ok for M1.
5"
Al: Zlnt = l correct answer only. (Note: a=5b=3).
LY

4

Important note: Award MOAOMIAIAO for a candidate who writes

#du= E+ Z du = 2Inu + In(2u - 1)
u(2u-1) u (2u-1)

2
AS EVIDENCE OF WRITING ﬁ AS PARTIAL FRACTIONS IS GIVEN.
u(2u —

Important note: Award MOAOMOAO0AO for a candidate who writes down either
2

J.# du =2Inu + 2In(2u —1) or J.; du =2Inu + In(2u — 1)
u(2u-1) u(2u —1)

WITHOUT ANY EVIDENCE OF WRITING ﬁ as partial fractions.
u(2u —
Important note: Award M1AIMI1A1A] for a candidate who writes down

e du =-2Inu +2In(2u — 1)
u(2u-1)

2 . :
WITHOUT ANY EVIDENCE OF WRITING (2—1) as partial fractions.
u(2u —

Note: Inpart (b) if they lose the “2” and find J.ﬁ du we can allow a maximum of
u(2u -

MIAO MI1AIfRAO M1AO.

Q35.




S oy Scheme Marks
Number
dN kt—1)(5000 - N
| )( }; t>0, 0<N <5000
dr 3
1 k-1 [ s )
(a) —  dv = ( ) dr <or = lk -= de See notes | B1
5000— N t _ =
—In(5000 - N) =k —Int; +¢ See notes | M1 Al; Al
then eg either... ar.. or...
—kt + ¢ =In(5000 - N)—Int | kt+ ¢ =Int—In(5000 — N) | In(5000 - N) =—kt + Int +¢
(5000 — N\ L &) Sgee
—kt+c=lnf] ——— h—c:]_n[i SGGD_NZEH Int +¢
[_ ) 5000 — N_,.]
5000 — N e t "
-k +c — a e i —_ v = e
e - 5000 — N 5000 — ] te
leading to N = 5000 — Are™ with no incorrect working/statements. See notes Al* cso
(5]
-k :
®) {f =1, N =1200= } 1200 = 5000 — Ae At least one correct statement written B1
{t=2 N=1800=} 1800 = 5000 — 7 Ja down using the boundary conditions
So Ae™" =3800
and  24e* =3200 or Ae™* =1600
et 3800 2eF 3200 An attempt to eliminate 4
Eo T e or e - g ; M1
= 20" T 3200 e 3800 by producing an equation in only k.
2 S - S8
; ‘ o At least one of 4 =9025cao0
7600 ) 19 - .
k=Iln| — ralent k:]n[— : Al
t-. 3200, . {eg LB ,} or k= lnl 76001 o exact equivalent
) . 3200,
s Both 4 =9025 cao
A =3800(e") =3800| — | = | A4=29025 (7600 : Al
. 8 ) or k= lnl Sainaial l or exact equivalent
- .. 3200
[4]
Alternative Method for the M1 mark in (b)
& 3800
g =—r
A
(3800 An attempt to eliminate k
EA[_ A J = 3200 by producing an equation mn only A4 Ml
[ -u3) |
(c) -!lr =5, N=5000-9025(5)e *
N = 4402.828401... = 4400 (fish) (nearest 100) anything that rounds to 4400 | B1

(1]
10




Question Notes

(a)

(b)

(e)

Bl

M1

Al
Al

Note
Al

NOTE

Bl
M1

Al

Al

Note

Note
B1

Separates variables as shown. dN and dr should be in the correct positions, though this mark can be
mmplied by later working. Ignore the integral signs.
Either :/i]n(SOOO —N) or ixl]n{N— 5000) or Kkt —Inf where A =0 15 a constant.
For —In(5000 — N) =kt —Int or m@mo—N)=—h—mror—%mﬁmﬁ—Npﬂ—%MIoe
which is dependent on the 1% M1 mark being awarded.
For applying a constant of integration, eg. + ¢ or + Ine® or +Inc or.4 to thewr integrated equation
+ ¢ can be on either side of their equation for the 2*! A1 mark
Uses a constant of integration eg. “c™ or “ Ine® ™ "Inc" or and applies a fully correct method to
prove the result N = 5000 — Are™ with no incorrect working seen. (Correct solution only)
INMPORTANT
There needs to be an intermediate stage of justifying the 4 and thee™ in Are™ by for example

o either 5000 N =g "¢

e ar 5000 - N =re ¥*¢

s or 5000 — N =te™ef
or equivalent needs to be stated before achieving N = 5000 — Are™

At least one of either 1200 = 5000 — 4e™ (or equivalent) or 1800 = 5000 — 24e7* (or equivalent)

e Either an attempt to elinunate 4 by producing an equation in only k.
* or an attempt to eliminate & by pmdu-::i.ng an equation in only 4

i
At least one of 4 =9025cao0 or k= In @

or equrvalent
\ 3200

']

Both 4 =9025 cao or k= ]11[@ or equivalent

o S

Ir 9 ‘I s g ™\
Alternative correct values for kare k = [31 =— ]n{ 5 1 or k =In7600 — In3200
( 3800 :
or k= —]n[ . ] or equivalent.
9025,
k = 0.8649__. without a correct exact equivalent 1s AQ.
anything that rounds to 4400
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Question

Number Scheme Marks
25 4 B C
LI En e s
x(2x+1) x x  (2x+1)
At least one of “B” or “C” correct. | Bl
B=25. C=100 Breaks up their partial fraction c:::)}:rectly mto
three terms and both"B" =25 and "C" =100. | B1 c¢so
See notes.
25= Ax(2x+1) + B(2x +1) + Cx°
x=0, 25=8H
e 1 75 = lC — C=100 Writes down a correct identity and attempts to
2’ 4 find the value of either one of “4™ “B” or “C”". | M1
X’ terms: 0=24+C
0=24+100 = 4=-50
xX*:0=24+C, x:0=4+2B,
constant: 25 =58
Correct value for “4” which is found vsing a
leading to 4 =-50 correct identity and follows from their partial | Al
fraction decomposition.
25 _ 50 25 100 | [4]
2(2x+D - x 1 @2x+D]
el 5 Y For w R—S |
(b) V=rJi'—|dx s D)
A X 2x+1) B} (22 __'_1) .
For their partial fraction
{J‘ifhzj‘_ﬂ_._z_?_kﬂdx} Eiﬂlerii—}ialnx or talnkx or
2o+ : 2 - X
x(2x+1) _.1 X (2x+1) 5 1 ML —~
25x~ | 100 T — =3 xbx" or — Tcln(2x +1
= —50111.1: T [: l) T T]ﬂ(lx T l) {+ C} x° (2x+1) ( :]
At least two terms correctly integrated | Alft
All three terms correctly integrated. | Alfi
= i35 25 i
J — = = |:—50]11x — 22 +50In(2x + 1)] ]
1 x°(2x+1) X .
; 25 3 Applies limits of 4 and 1
= { —50In4 —— + 50In9 | — (0 — 25 + 50In3) and subtracts the correct | dM1 —
. 4 way round.
25
= 50n9 - 50ln4 - 50In3 R 25
_— :
= 50111[5]+ e
4 4
75 E) (75 r3Y)
So,¥=—nm+ 50.}?]11[—} or allow }rl—+ 50].11[ —J] Al oe
4 4 .4 4))

.

[6]
10




Question Notes

(a)

(b)

BE CAREFUL! Candidates will assign fheir own 4, B and C” for this question.

B1 | Atleast one of “B” or “C” are correct.
B1 | Breaks up their partial fraction correctly into three terms and both "B" =25 and "C" =100.
Note | If a candidate does not give partial fraction decomposition then:
e the 2 B1 mark can follow from a correct identity.
M1 | Writes down a cerrect identity (although this can be implied) and attempts to find the value of either
one of “4”or“B ™ or “C'”.
This can be achieved by either substituting values into their identity or
comparing coefficients and solving the resulting equations simultaneously.
Al | Correct value for “4” which 1s found using a correct identity and follows from their partial fraction
decomposition.
Note | If a candidate does not give partial fraction decomposition then the final A1 mark can be awarded for
a correct “4" 1f a candidate writes ouf their partial fractions at the end.
Note | The correct partial fraction from no working scores BIBIM1A1.
Note | A number of candidates will start this problem by writing out the correct identity and then attempt to
find “4™ or “ B” or “C”". Therefore the B1 marks can be awarded from this method.
25 B :
Note | Award SC BIBOM0OAO for ——= — + leading to "B" =25 or "C" =100
r(2x+1) x  (2x+1)
Bl | For a correct statement of J'I'J. L _ or ;'rji Ignore limits and dx. Can be implied
L Xy(2x+1) X@x+) I . -
T I-'ruli‘lth_ei‘l?flsfl:ﬁ}ilhfi'ﬁ'fﬁﬁﬁ:-fﬁo?ﬁfh?ﬁﬁm%iﬁfﬁﬁ&ﬁéﬁ e Where A, B C are “their” part (a) constants
. A B h
M1 | Either + = - talnx or £ = —>1bx or — +cln(2x +1).
4 X (2x+1)
BB
Note v'—, —>£ which integrates to VB Inx is not worthy of M1.
x X
A B : . :
Alft | At least two terms from any of £+ — or £ — or 2 D correctly integrated. Can be un-simplified.
X x x+
A B ! _
Alft | All 3 terms from £ = | £ — an SR correctly mtegrated. Can be un-simplified.
X b 2x +
Note | The 1% Al and 2™ A1 marks in part (b) are both follow through accuracy marks.
dM1 | Dependent on the previous M mark.
Applies limits of 4 and 1 and subtracts the correct way round.
_ . . T5 (3 (3). 75
Al | Final correct exact answer in the form a + blnc . 1.e. either Tﬂ- + 50?.?].11[ 4 1 or 50;?]11[ 5 + I:r
h s 4 RS "l
PN 7 s
or 50.??]11[ = |+ Baor Ba- 507 1n| | WL P 25:?]11[ = 1 ete.
A2 4 \ 3 4 16
(75 (3 :
Also allow 7 ?+ 50].11[ 2 1 or equivalent.
Note | A candidate who achieves full marks in (a), but then mixes up the correct constants when writing
their partial fraction can only achieve a maximum of BIMIA1AOMIAOQ in part (b).
Note | The 7 in the volume formula 1s only required for the Bl mark and the final A1 mark.




(®)

Alternative method of intesration

B . \2
V= — | dx
EJ.1 5 3’\;‘(31 +1) J

2
J‘.‘_'isdx;?:’:l:}E:—i,
(2x+1) X dx X
1 -9 _ 75
= .1~5. du = J‘_,~5 du = = du = -25
(++1) (%) (2+u)
A

di = =25 (u — 2In(2 + u))

= —25I1 -

(2 +u)

¢ 25 :
.:'J —  dx = [—25:1 - 50h1(2+u)]1
|1 x*(2x+1)

H—(— 25 + 50In3)

L

(—E + 50]11{-
L 4 i

9
4

(9 25
som[—l—soma—:us

W T

S[]I]n[il+E
4

W T

F3
So, F = E}’E —50;"{]11['—]
4 4,

Bl For JTJ

5
xJ(2x+1) J
Ignore limits and dy . Can be implied.

2+u -2
5|———du
(2 +u)
Achieves + o * kﬁ ) and integrates to give
+u

either + gqu or £ Bln(k +u)

Al | Dependent on the M mark.
Either —25u or 50In(2 +u)
Al | 25w —2In(2+u))
Applies linits of ; and Imu or4and 1inx
dM1 | in their integrated function and subtracts the correct
way round.
75 £ (75 3))
Al | —m+ 50;*&:]11[ — l or allow 7| —+ 50]11] =1 ]
4 4 | 4 4))

L LN
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Question

S Scheme Marks
@ [(4v+3)7d (4r+3)" (+C) M1AL (2
a 4y + 2 X = +L =

: (4)(3)
(:%(4_1.-._3)%+c)
. 1 1
b) [—d'zj ~dx
¢ 3 w'[4.1’+3) ! i ol
[(ay+3) dy =[x dx
1 i 1
Ay L3 === (4O M1
LHay+3)t=-L ()
; 1 + 1
Using (-2.1.5) =(4x1.5+3) =——+C Ml
i 2 2
leading to Cc=1 Al
1 1
—(4y+3)f =——+1
-{ 2 ) X
2
(4y+3)f=2-= M1
! x
‘(v ET - et | &1 i)
y=—2—-—| —— or equivalen :
4 X 4 e
[8]

Q38.




(llll:ﬁi;g: Scheme Marks
9x+6 6
(a) '[ : dxzj[9+—]dx M1
x X,
=9x+6lnx (+C) Al (2)
(b) J.i,d_v = J'Qx+6 dx Integral signs not necessary | B1
.]"I-T x
[.F_%dy=.|.gx+6-if
- X
»! H
S=9x+6lnx (+C) thky® = their (a) | M1
%ﬁ:gﬁﬁmx (+C) ft their (a) | Alft
yv=8_x=1
3 i
ESJ =9+6lnl+C M1
o e Al
1 2
»? =§(9x+6]11x—3)
¥ =(6x+4lmnx-2) (=8(3x+2mx-1)) At (6)
[el

Q39.




Question

it Scheme Marks
[do ) 1 125
a e e 46 = | ——dt or 4o = | d
@ | \q "o S ,[ Ilzs _[ J BL
1 1
“ln(0-3) ==t f+ ¢} or ~l(3-6) ==t {+ ¢} See notes. | M1 Al
1
h(f-3)=-—t +
(0=3) i
e Correct completion
O35 e to 6= 4™ 43
Ge e ¥ Al
[4
(b) =0,6=16=} 16=A4""+3: = 4=13 See notes. | M1: Al
Substitutes =10 into an equation
10 =137 4+ 3 of the form 6= 4e™ +3 | M1
or equivalent. See notes.
a2 Correct algebra to —0.008f =Ink .
= -0 Ooxrsz =) where k is a positive value. See | M1
N notes.
= 77.3799.. = 77 (nearest minute) awrt 77 | Al
[51
9

B1: (M1 on epen) Separates variables as shown. d@and dr should be in the correct positions.
though this mark can be implied by later working. Ignore the integral signs.

M1: Both +Aln(3-6)or £AIn(63) and % ur where 4 and g are constants

AL: For —In(6-3) =ér or -In(3-6) =%x or —125I(6-3) =t or —125W(3- ) =1
Note: +c is not needed for this mark

Al: Correct completion to 8= 4e™¥ £ 3. Note: +c is needed for this mark.

2 e I
Note: In(6-3) = éx tc leadingto #-3=¢ ™ +&° or §-3=2 14, would be final
A0,

L e then m(6-3)=

Note: From -In(6-3) ke
125 125

=6-3=¢F " or 9-3=¢ = 0= 4% 43 is required for Al

Lt ie then m(3-6) =— Lt 4c
125 )= s

Note: From -In(3-6)

=3-0=e¢ or 3-0=e e = 0=4""+3 is sufficient for Al

Note: The jump from 3 -6 to §=A4e™ +3 is fine.

de

: 1 .
Note: In(8-3) =— st i 6-3=4e = where candidate writes A=e is also

®)
M1: (BI on epen) Substitutes 8 =16, = 0. into cither their equation containing an unknown
constant or the printed
equation. Note: You can imply this method mark.
Al: (Ml onepen) 4=13. Note: &=13e""*+3 without any working implies the first two marks,
MIAL
M1: Substitutes 6 =10 into an equation of the form 6 = 4e™* + 3, or equivalent.
where A is a positive or negative numerical value and A can be equal to 1 or-1.
Mi1: Uses correct algebra to rearrange their equation into the form —0.008f =Ink .
where kis a positive numerical value.
Al: awrt 77 or awrt 1 hour 17 minutes.
Alrernative Method 1 for part (b
Legge [l syam(pag)mclpwe
R 125 4 TT
i M1: Substitutes t=0,8=16,
~In(16-3) =—(0) +c . 1
{r=0,6-16=) "808-3) =7z ® into-la(6-3) =Lt +c
>c=-Ini3 e
Al: c=-In13
—In(6-3) :iz 13 or m(6-3)= 7ir +1n13
/71 Y
MI1: Substitutes =10 into an equation of the
1 1
~In(10-3) =——¢ —In13 form =Al(6-3) =t—1 =p
125 125
where A, 4 are sumerical values
1 DMI1: Uses correct algebra to rearrange their
W13-In7 =t equation into the form £0.008t = InC D,
where C. D are posirive numerical values.
t = 77.3799... = 77 (nearest minute) AL awrt 77
Alrernative Method 2 for part (b
Lao-[La =-mp-sgl=Lrc
3-8 125 125
B MI: Substitutes t =0.8=16,
~p-16 = —(0) +c 5
{r=0,6=16=} ! ! 135( ) into-In(3 - 6)
Sc=-hl3
AL c=-ln13
—mf-f = —m13 or Wp-6= - +In13
125
Mi: Substitutes #=10 into an equation of the
~In(3-10) :p%' “n13 form +A1n(3 - 6)
where 4,y are numerical values
13 MI: Uses correct algebra to rearrange their
T125 equation into the form £0.008t =InC —InD.
where C. D are positive numerical values.
= 77.3799... = 77 (nearest minute) Al: awrt 77
() | Alternative Method 3 for part (b
m
L= La
L6 3-6 . 125
10 Bl
=[-mp-q], =| =
[np-ofl =[]

MIAL: Ini3
MI1: Substitutes limit of § =10 correctly.
T o Y M1: Uses correst algebsa to reamrange their
125 own equation into the form
20008t =InC - D.
where C. D are positive numerical values.
= 77.3799... = 77 (nearest minute) AL awrt 77

Alrernative Method 4 for part (b,
M1*: Writes down a pair of equations in 4 and ¢
(0=160) 162 4™ 43 . for 6=16 and 6=10with cither 4 unknown or
A'being a positive or negative value

6=10=>} 10=4e" +3 2
{ d & Al: Two equations with an unknown 4.

M1: Uses correct algebra to solve both of

0.008F — ]n[ their equations leading to answers of the form
= ~0.008t = Ink . where k is a positive numerical
valuee.
af %
7 \4)
@7 ~0.008

MI1: Finds difference between the two times.
(cither way round)

- = 77 (nearest minute) ~ A1: awrt 77. Correet solution only.
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e Scheme Marks
(@ | 1.0981 Bl cao
[1
®) Area %xx,x[o 5+2(0.8284 + their 1.0981)+13333] BI; M1
1
=% 56863 = 284315 = 2843 (3dp) 2.843 orawrt 2.843 | Al
[3]
dr
¢ u or Z=2-1) Bl
© | o BI
i ] S Jl (”% = |
{Iﬁm’ :} J‘u 2u-1y du -
Harr “ IM 2u-1) | A1
u
-1 @ —3u* +3u-1) Expands to give a “four term” cubic in 1.
oy o
= "_“ 0 =2 a i By tar+mltcusp | M
2 1) An attempt to divide at least three terms in
=3 _ﬁ i ,ld“ their cubie by 1. See notes. | M1
(@ 3u? ' (u—1y [ w3 )
=:{2) ——+3u—]mr] —— | -—+3u-lu| | A1
@ [ 3 2 j ,( u ks 2 )
Area(®) = [Z% — 32+ 6u 72111,.}
COT V' (20p § \  Applies limits of 3 and 2 in
=| 53 6023 | - | T3 + 6)-2In2 wor4and 1inxand | M1
\ / /" subtracts either way round.
s _ 2 =
=M omo oms o Ly zm1 :} o L —J.n‘ 2 ; ete ComEct exact nswe|
3 3 \3) 3 or equivalent
[8]
12
(@) | BI: 1.0981 correct answer only. Look for this on the table or in the candidate’s working
() |BL Outside brackets %xl or %
M1: For structure of trapezium rule| .. ]
Al: anything that rounds to 2.843
Note: Working must be seen to demonstrate the use of the trapezium rule. Note: actual area is 2.85573645. ..
Note: Award BIM1 Al for %(n 5 +1.3333)+ (0.8284 + their 1.0981) = 2.84315
Bracketing mistake: Unless the final answer implies that the calculation has been done correctly
!
Award BIMOAQ for —x1 + 0.5+ 2(0.8284 + their 1.0981)+1.3333 (ab: answer of 6.1863).
Award BIMOAO for éxl (0.5 +1.3333)+ 2(0.8284 + their 1.0981) (ub: answer of 4.76965).
(0) ctd | Alternative method for part (b):_Addin; apezia
0.5+0.8284  0.8284+1.0981 1.0981+1.3333
Area ~ 1x = = = = 284315
B1: 1 and a divisor of 2 on all terms inside brackets
MI: First and last ordinates once and. two of the middle ordinates twice inside brackets ignoring the 2.
Al: anything that rounds to 2.843
@©
du 1 -t 1 dv
Bl: —=-x? or du= dr or 2¥xdu=dv or dv=2u-Ddu or ~-=2u-1) oe
dc 2 2% D a -2
B x -1 : .
1" M1 becoming (Ignore integral sign).
1+4x u
5 x (u—1)* (u-17° 2
1% A1 (B1 on epen): ———dx becomin, 2 -1){du} or —— du
( mei o g = 20 -D{du} = (”71)4{ }
You can ignore the integral sign and the du
2 \1: Expands to give a “four term” cubic inu, +Au*+ By’ * Cut D
where 4=0,B20.C=0and D=0 The cubic does not need to be simplified for this mark.
3" MI: An attempt to divide at least three terms in their cubic by
s i TS |
u u
X3 (.3 2 \
piar (O [lfLA 3u—Inu
u 3 2 )
4% M1: Some evidence of limits of 3 and 2 in u and subtracting either way round.
N B x
34AL: Exactanswerof 11 2m2 - 2m3 or s zm(g] (gL m[g] 2{2 +In2 - mzj
3 3 3) 3 4, 6
» (2) . 11 92) .2
oy 21n] 2. ete. Note: that factions st be combined to give either —-or = or 35
\3)
Alternative method for 2" M1 and 3 M1 mark
@ [EY wpau = 23 [ o paw 3
u u An attempt to expand (1 ~1)° , then
divide the result by » and then go on to 2
( \ . ultiply by (121
= (z)[[ u-2+1] @-ndu= {z)j(:r —)du Bl G
\ uj N
. - to give hree out of four of
_ 2 _ " el R rd
N (2)'“\“ Bl | sa® xBu, 2Cors 2 ML
u
N [ur-3u+3-1]a
= W -3u+3-=|du
il 2
() ctd | Final two marks in part () =1+ x

Area(R) = M -3(1+ \/E): +6(1+x)—2mn(1+x)

3

w ~3(1+42)" + 6(1+ ¥3)-21m(1+ \/Z‘]J

M1: Applies limits of 4 and 1 in x
( o (’1 " Jf) and subtracts either way round.
3

73(1+ JT]: +6(1+ wﬁ)len(pr ﬁ)

\

=(18-27+18-2In3)— 1 %—12 +1272].112}

11 11 (2
=5 +2m2-23 o zm1 E} or Al: Correct exact answer or equivalent
Alternative method for the final 5 marks in part
s )
1y = |
@-0,, dr L
u y -1
= v=""
4 )
_-pt 1
T 4
_w-pt 1 P +6u’ —4u+1 b ML1: Applies integration by parts and
T 4 u? expands to give a five term quartic
- 1, 4.1
i e G SR M1: Dividing at least 4 terms
au 4 u o
[ 11/ @ 1 1
=X Lo o’ reu—dlu-— :
A a3 u) Al: Correct Integration.
;L 3 + 3
-1 4 [0 @
, au 12

=i
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Question
N Scheme Marks
(a) 0.73508 Bl cao
]
(b Area zlxz ;>{0+2(their 0.73508+1.17157 + 1.02280) +0] Bl M1
Ex 58589 = 1.150392325.. =1.1504 (4dp) awrt 1.1504 | Al [31
© {u=l+wsr]:>%=—si.u:r Bl
2sin2 2(2
J i } (2sin yeos x) dx sin2x = 2sinxcosx | Bl
(1+cos x) (1+ cosx)
= J.““_D (Ddu [ 4J.Mdu]» M1
| w ]
—4J‘:i—l:d.u=4[]uu—u)+f aM1
\u A
=4n({l1+cosx)—4(1+cosx)+ ¢ = 4In(1+cosx)—4cosx + k& AG | Al cso [5]
T - . ks
{ \ Apph limits x =— and
@ |= [4m| 1+ cosZ |~ dcost | ~[41n(1 + cos0) - 4c0s0] S Tl 1
b 2) 2] x = Oeither way round.
= [4m1- 0] - [41m2 — 4]
+4(1— In2) or
=4-4In2 {=1227411278_] +(4—41In?2) orawrt +12, | Al
however found.
Eror = [(4-41n2) -1.1504. ] awrt +0077
Al cso [3]
=0.0770112776... = 0077 (2sf) or awrt £ 6.3(%)
12
(a) B1: 0.73508 correct answer only. Look for this on the table or in the candidate’s working.
(b) Bl: Outside brackets %x% or % or awrt 0.196
MI: For structure of trapezium rule| ... |; (0 can be implied).
Al: anything that rounds to 1.1504
Bracketing mistake: Unless the final answer implies that the calculation has been done correctly
1
Award BIMOAO for Exg + 2(their 0.73508 +1.17157 + 1.02280) (nb: answer of 6.0552)
Award BIMOAO for%xg (0 +0)+ 2(their 0.73508+ 1.17157+ 1.02280) (ub: answer of 5.8589).
Alrernarive method for part (b): Adding individual rrapezia
x| 0+0.73508 0.73508+1.17157 1.17157+1.02280 1.02280+0
Area = —x t t t = 1.150392325._
8 2 2 2 2
Bl: % and a divisor of 2 on all terms inside brackets.
M1: One of first and last ordinates, two of the middle ordinates inside brackets ignoring the 2.
Al: anything that rounds to 1.1504
©) BI: E:—si.mr of du =—sinxdx or E: !
dx —sinx
Bl: For seeing, applying or implying sin2x = 2sin xcosx.
MI: After applying substitution candidate achieves *+ k J‘H (d.u) or +k ‘I.M (du)
u u
Allow M1 for “mnvisible” brackets here eg: + IW_—D [du] or + J‘H—Jr“) (du) ,where Aisa
u u
positive constant.
/ N
dM1: An attempt to divide through each term by u and + k J | 1, |du — +k(Inu — u) with/without
\uw
+ ¢ . Note that this mark is dependent on the previous M1 mark being awarded.
Alternative method: Candidate can also gain this mark for applying integration by parts followed by a
correct method for integrating Inu. (See below).
Al: Comectly combines their +cand " —4 " together to give 41.11(1 +cosx) —4eosx+k
As a minimum candidate must write either 41n(1+ cosx)—4(1+ cosx)+c— 4n(1+ cosx) — 4cosx + &
or 4In(1+cosx)—4(1+cosx)+k— 4In(1+cosx) —4dcosx +k
Note: that this mark 1s also for a correet solution only
Note: those candidates who attempt to find the value of k will usually achieve AQ
(dy

MI1: Substitutes limits of x =% and x =0 into {4111[1 + cosx) —4cos .r} or their answer from part (¢) and

subtracts the either way round. Note that: [4m| 1+ cos— ‘ - 4005—} [0] is MO.

1: 41— 1n2) or 4—4In?2 or awrt 1 2, however found .
This mark can be implied by the final answer of either awrt +0.077 or awrt £6.3
Al: For either awrt £0.077 or awrt £ 63 (for percentage error). Note this mark is for a correet solution
only. Therefore if there if a candidate substitutes limits the incorrect way round and final achieves (usually
fudges) the final correct answer then this mark can be withheld. Note that awrt 6.7 (for percentage error) is
AQ.
Alternarive mel}md for dM1 in part (c)

A A
JCL . (1 u)hu—J e dc | |(l—u)1nu+ulnu—J.Edu‘:((l—n)]na+u]nu—u)
A
(u 1 PR
du*|(u—l}]nu— ].nud.u| (u l)luu—‘uluu— —du‘|:((u—1)]nu—u]nu+u)
u s

So dM1 is for I—du going to [(l—u}h.w +ulnu —u) or ((u—l)].nu —ulnu + u) oe

Alternarive method for part (d)

MIAI for {4J“\%—1ﬁi du = J>4[1:m —ul, = 4[(In1-1) - (n2-2)]=4(1-m2)

Alternative method for part (d): Using an extra constant A_from their integration.

4ms§+ |- [41_11(1 +cos0) — 4cos0 + ?-.]

A isusually —4  but canbe a ;alue of k that the candidate has found in part (d).

Note: The extra constant A should cancel out and so the candidate can gain all three marks using this
method, even the final Al cso
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[ e ke
(@)
x 1 2 3 4 Mi
- In2 24 | S3mé 21n8
0.6931 1.9605 3.1034 4.1589
Ar 1 1 Bl
Area =§>< (-]
= . (0.6931+2(1.9605+3.1034)+4.1589] M1
=Lx1497080 . =749 749ca0 | Al 4)
L Ay A |
() |'J.'-1n2de.'=—x-1:.12r— —x x—dr MI1 Al
. 3 3 X
2 a 24
=—x? ]n?x—j—l* dx
3 3
2 2 T
==x"ln2x——x7 (+C) M1AL (4)
3 o
2 3 40 (25 45 (2 4
c) [=x¥hn2yx——x| =|=FWf——F || =In2—— | M1
© [3 0 ]L |'% o) |-\3 o) [
=(16m2- _)— .. Using or implving In2" =pln?2 M1
46 28
=—hl-— Al 3
3 9 (3)
[11]
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Question

Q44.

Nisinbes Scheme Marks
(a) 0.0333.1.3596 awrt 0.0333, .
1.3596 B1B1 (2)
. 1 2
(b) AI'&&(R}%EKT[ - Bl
~ ... [0+2(0.0333+0.3240+1.3596)+3.9210 | Ml
~1.30 Accept Al @)
1:3
(c) u=xz+2:‘>—_=lx B1
Area(R)=j‘;_rs ]11(1‘“+2]dr Bl
J.13]11(1‘4—2)ch = [A‘l 111{'3‘2 +2}.rd1‘= [(u—l)(hm}%du M1
1 ¢4
Hence Area [R) = EJ: (u —2] lnuduy * Al @
¢s0




Question Scheme Marks
Mumber
(a) Igccsecxdx=[—]n{cosecx+cotx}:|§ M1 Al
Ii+i]+m[z+sﬁ)mo_?5s awrt 0.768 | Al 3)
NERNE]
g 2
(b) y(—]=2, y[ —= awrt 1.15 | Bl
6 V3
}[%]:\E awrt 1 41 | B1
T 2
Am—[2+2-5+—] MI Al
4 V3
~ 0783 cao | Al (5)
(c) Erroris 0.783—0.768 = 0.015 Accept awrt 0.015 | Bl '6))
[ar Error 1s MXIOD A 2%]
(d) V:(}‘r)j‘mcoseczxdx Ml
=(7)[-cotx]” Al
z 1
Jr[—cctx]; =?{[——+J§J M1
i 3
2
Eﬁw’?? Al )
(13)
Alternative to (a)
_[Ecosecxdx :|:—]n[ tan%ﬂ J MLAL
& . = %
]ntan%—]ntan%mﬂ.?ﬁﬂ Al 3)

Q45.




Question

Humber S5cheme Marks
(a) 1.386.2.291 awrt 1.386.2.291 | B1 B1 (2)
A 1><05 B1
b)ad=s ()
= (U+2{0.603+1.336+2.291+3.296+4.335)+5.545) M1
. 0_25(0+2(0_6{}B+1_386+2_291+3_296+4_335}+5_545) ft their (a) | Alft
=025x29477 _ =737 cao | Al 4)
: x° x 1
(@) jx]ﬂxdx:—]nx—j—x—dx M1 Al
2 2 x
2
=x—]nx—.|‘£d.r
2 2
1_2 I]
L mx-L (+0) M1 A1
2 4
x? x : 1
i) |—Inx-—| =(8n4-4)-| —= M1
(”){2’(4}1( }[4]
gy
4
15 : .
=8{2]n2}—: In4=2In2 seen or imphed | M1
a=64.b=-15 | Al (7)

:%(641112—15)

[13]
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